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Abstract 

A low cost and versatile refraction model for scan-line rendering algorithms is presented. The model is based on the 
theoretical optical path of a light ray through a generic lens. A Gaussian approximation is then used, together with Blinn 
and Newell approximation. These expressions lead to a family of approximations with a tradeoff between computational 
cost and optical precision. In this paper we implement acceptable approximations of refractions that can be computed with 
the same order of computational cost as standard reflections. Z-buffered environment map utilization and adapting existent 
reflection map implementations to compute refractions are also discussed. @ 1997 Elsevier Science B.V. 
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1. Introduction 

Accurate refractions have played a major role in 
photorealistic computer graphics. Current successful 
implementations are generally based on standard ray 
tracing implementations [ 41. Such implementations 
achieve optimal results since the exact geometric be- 
havior of light paths, reflecting and refracting when 
passing through different media, is computed. For 
example, in [ 1 I], pencil tracing - a paraxial ap- 
proximation for efficient ray tracing - is proposed. 
A pencil co’nsists of an axial ray and a bundle of 
paraxial rays around it. Such paraxial approximation 
is formulated from a homogeneous 4 x 4 equation 
system, which provides a basis for pencil tracing 
-- 
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techniques. One of the techniques presented is an 
illumination model for reflection and refraction. The 
4 x 4 equation system (i.e., transformation matrices) 
is determined for every principal (axial) ray, and 
every paraxial ray must be multiplied by these ma- 
trices. Dissatisfaction with the computational cost of 
ray tracing, however, has led to investigation of lower 
cost approximation algorithms. Most frequently, 
scan line algorithms [ 141 together with Blinn and 
Newell approximations [ 11, provide an overall ad- 
equate solution to photorealistic rendering in terms 
of cost, efficiency and accuracy. These scan-line re- 
flection approximations are based on environment 
map implementations, and more specifically, reflec- 
tion map implementations. The aim of this work is 
to extend this general philosophy to refraction mod- 
els, 
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The simplest transparency model is to ignore re- 
fraction in toto, so that light rays are not refracted 
when passing through the interface between two op- 
tical media [3]. Then, the visibility along an opti- 
cal ray coincides with the geometric (straight) line 
between the camera (observer) and the object to be 
rendered. There are commonly two methods to com- 
pute transparencies. In interpolated transparency, the 
shading value of a pixel p that intersects two poly- 
gons PI (of a translucid object) and P2 (of any other 
object), is determined with a linear interpolation be- 
tween the shading value of the two polygons: If(p) = 
(1 - k)Z~,(p) + kZp2(p), where 0 3 k 2 1 is the 
transmission coefficient, which depends in general on 
the wavelength. In filtered transparency, polygons are 
considered as translucid filters: If(p) = Ip, (p) + 
O.k.Ip, (p) , where 0 is the transparency color of PI 
at the wavelength considered. It is generally recom- 
mended to interpolate only the ambient and diffuse 
component of PI with the complete shading equation 
of P2, and after that add the specular component of PI 
[ 31. A further enhancement was proposed by Kay and 
Greenberg [ 71, where the transmission coefficient k 
is a non linear function of the z component of the nor- 
mal of P2 (with respect to a standard viewing trans- 
formation). Recently, a Z-buffered refraction model 
was presented [ 21. This technique computes the re- 
fracted image of a planar surface by means of a “vir- 
tual camera” positioned pointing toward the refracted 
ray (in a similar way as reflections are computed). 
This image is then texture-mapped to the planar sur- 
face. 

All these scan-line approximations, however, obvi- 
ously lack realism, since the crux of the problem - 
i.e., the geometry of the refraction of the light paths - 
is not addressed. In this work we propose a new scan- 
line refraction model, which is computationally inex- 
pensive and of a more adequate geometry. An outline 
of the paper is as follows: In the next section the ba- 
sic geometric contribution of this work is presented, 
i.e., the consideration of a translucid object as a lens. 
In the section that follows, we introduce the refrac- 
tion geometry formalism, and a general expression of 
the refraction problem is derived. Then, a procedure 
to compute refraction through a generic lens is devel- 
oped. Some useful approximations and known partic- 
ular cases are recast in terms of the proposed method. 
Some environment map implementation issues and ex- 

amples are presented. In the final section, concluding 
remarks are made. 

2. Object shape approximation 

Consider a situation where we must compute the 
shading value of a pixel p that intersects two poly- 
gons PI and P2 of a translucid object. The shape of 
the “generic object” lying between P1 and P2 can be 
represented - in a rough approximation - as a pair 
of close parallel plane faces. This is exactly what is 
done in the refraction models considered in the in- 
troduction. A better approximation can be obtained 
considering an osculating sphere for every polygon. 
Now the object lying between PI and P2 can be de- 
scribed as an object limited by the two sphere seg- 
ments. The essential point of this approximation is that 
the description coincides with the description of a lens 
(see Fig. 1) : the “input” surface is PI (with curvature 
p1 = l/ri), the “output” surface is P2 (with curva- 
ture p2 = l/r2), and the curvatures can be computed 
as the inverse of their respective osculating spheres 
radii. 

The system possesses axial symmetry with respect 
to an axis that intersects the centers of the spheres. 
To exploit this axial symmetry, we choose a viewing 
transformation in which the z axis passes through the 
center of both osculating spheres [ 61. The intersec- 
tion of the spheres with this axis degrmines the ver- 
tices ui of the lens. The sign of the curvatures pi will 
be positive if the surface is convex with respect to the 
incidence direction of the optical ray and negative if 
it is concave (see Fig. 1). Finally, the distance d be- 
tween the vertices - the thickness of the lens - can 
be easily computed with the adopted convention. In 
our current implementation, however, these parame- 
ters are user-defined. Some considerations on how to 
compute them can be found in [ 91. A final considera- 
tion is that if we consider pt = p2 = 0, then we obtain 
the approximation described above as a particular case 
of our model. 

3. Refraction geometry 

Reflection and refraction laws obey the following 
property, which can be derived from Maxwell’s laws: 
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Fig. 1 A biconcave lens. 

Property 1. (Consider a light ray passing through the 
interface of two media ml and rn2 atpointp. Let s be a 
vector whose direction is the direction of the incident 
ray, and whose length is the refraction coeficient VI 
of ml. Let o be the (inner) normal of the surface at 
p. s’ will be the vector in the rejected or refracted 
direction, with length ~2. Then 

d = s + i-0, 

where the astigmatic constant r is 

(1) 

r= ~-(u~)2+(o~s)2-o~s ( > (2) 

for refractions, and 

r = -2(o. s) 

for reflections. 

(3) 

It can be shown that the two-dimensional case is 
equivalent, since the surface is of revolution and pos- 
sesses axial symmetry [6]. The z axis can be dis- 
regarded, and ,work carried out with the entities pro- 
jected on the .ry plane, with the origin of the coor- 
dinate axis coincident with the vertex of the input 
surface. To simplify notation, the convention that de- 
notes the projected entities by the corresponding up- 
percase letter is followed (i.e., if s = (v,[, [>, then 
s= (r1,5,0>). 

Every ray a* can be regarded as an origin IZ plus a 
parametric direction I 9 s: 

a*=a+E.s, (4) 

where I E [ 0, cc] and I . VI is the metric distance 
from the origin a to a*. The superscript * is used to 
refer to the first surface intersected by the ray toward 
direction s. In a sphere we can state the relation a* = 
-ro = rn between the intersection point and the unit 
(inner or outer) normal to the corresponding surface 
(see Fig. 2). 

Moreover, following Eq. (4), we can choose a on 
the original ray and in the plane that contains the 
surface vertex. That means that A = (x, y, 0) (see 
Fig. 3). 

Property 2. To compute the$nal rays, it sufices to 
know, as we will show below, that thefinal rays are 
linear combinations of the initial rays: 

A’=aA+pS, 

S’= yA+6S, (5) 

where a, p, y, S are real scalars such that aS + 0-y = 
1. Then if we denote by z’ the unit vector along the z 
axis we$nd that 

a’=aa+/?s+clz’, 

s’ = ya + Ss + c& 
(6) 

with cl and c2 two appropriate constants. Finally, it is 
easy to see that equation system (5) is the projection 
of the equation system (6) onto xy plane. 
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Fig. 2. A geometric description of a* = a + I t s, and the relation between a* and n in the projection of a sphere. 

Fig. 3. Choice of the origin and the position of a (1 = 0 in 
Eq. (4)). 

Property 2 is a trivial property of any linear system, 
but here is very useful since it allows the computaton 
of z’ and t’ with the following procedure: 

Procedure 3. Let a = (x,y,z), a’ = (x’,y’,z’), 
s=(~,~,~),s’=(~‘,~‘,~‘).Thenwefind,fromthe 
third component of Eq. (6)) that 

I 
z =Lyz +p&Y+cr, 

5’ = yz + sg + c2. 
(7) 

ShCe (S’)2 = (lt)2 + St2 = (Y~)~, then 

5’ = f (v2j2 - ((qY + (5’>2>, (8) 

taking positive sign if there were an even number of re- 
flections (including no reflections), and negative sign 
otherwise (adopting the convention that the direction 
of the incident ray has a positive third component; if 
it is not the case, then the sign of the third compo- 
nent of the resulting reflected or refracted ray must 
be changed accordingly, i.e., multiplied by the sign of 
5). 

cJ’ remains undetermined in Eq. (7) since we do 
not know ~2, but (as it will be done below) we can 
compute it with Eq. (8). As stated above, cr depends 
on the particular choice of the origin of the coordinate 
system. Then it is easy to use the expressions of Pro- 
cedure 3 to do the conversion from a given coordinate 
system to another. 
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Fig. 4. Refraction geometry of the different vectors arising in tracing a my given by a and s. Here for example s?( a, s) denotes direction 
s; referred to the local coordinate system of (a, s). 

4. Generic lens refraction 

So far, we can compute the refracted ray (a’, s’) 
from the incident ray and the astigmatic constant r 
which, in turn! depends on the refraction coefficient 
and the normal of the refracting surface. As stated in 
the previous sections, we are approximating a translu- 
cid object with its spherical osculatrix surfaces, i.e., es- 
sentially a lens. These spherical surfaces are described 
by the equation 

F(&Z1) =z1 -p,(u;+ y) =o, 

with 2~47 = (x:;)~ + ( y;) *, where the vertex of the 
lens (i.e., the intersection of the sphere with the z 
axis) is the origin of the coordinate system, and where 
x7, y;, zr are th,e coordinates of the intersection point 
of the ray with the input surface, which has curva- 
ture pr . An idemical expression can be written for the 
second output surface, with reference to a coordinate 
system centered on the respective vertex. To simplify 
the results, we introduce new variables q and Y that 
allow a compact expression for the final rays outgoing 
from the optical system. 

Procedure 4. The path of a generic ray (given by A 
and S) through the first surface can be computed by 
means of the following assignations: 2 

(i> (51)~ + (~1~ -S*, 
(ii) (aI2 + [PI (Ass) - (511212- (vwla12 (with 

41 > 01, 

(iii) zr +- PIA2 
41 - PI (A. 9 + (51 j2 

(i.e., the z of the intersection with the first sur- 
face), 

(iv) (q{>’ + [(v2)* - (~,>~1(51)~ + (ql)* with 
q{ > 0 for refractions, q{ = -91 for reflections, 

4; - 41 (VI YI +- ___ 
(51)2 ’ 

where ~1 is the refraction index of the initial medium 
and ~2 the index of the lens. The refracted ray (A’, , Si ) 
that passes through the first surface can be found with 

A’, -A=WI(A+ZIS), 

Sl, -S=-pl?P,(A+zlS). 
(9) 

*An adequate justification is too extense to be given here, but 
readers can consult [ 61. 
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This ray eventually hits the second surface and 
emerges to the first 

medium as (A;, Sk> (see Fig. 4). The correspond- 
ing expression for this ray can be obtained from the 
previous procedure, replacing A2 for A, S;! for S, and 
replacing every subindex 1 for a subindex 2 and vice 
versa. The relation between the coordinate systems of 
the surfaces (and their respective equation systems) is 

A:!=a{ +dS’,, 

s2 = sl, 1 

s; = (v2j2 - (s2>2Y 

where d is the thickness of the lens. It is worth to 
note that the expressions for Si and A; depend only 
on the geometrical and optical characteristics of the 
lens (curvatures, distance between vertices and refrac- 
tion index), and on the initial ray given by S and A. 
From Procedure 4 it can be easily found that if pi = 
p2 = 0, then we will have a parallel face object, repro- 
ducing (and justifying) the refraction approximations 
discussed in the Introduction. 

5. Gaussian approximation 

Gaussian approximation is also known as paraxial 
approximation, since light paths are supposed to be 
close to the optical axis of the system. 

Theorem 5. Using Gaussian (paraxial) approxima- 
tion, Eqs. (9) and the following can be recast as 

A;=cuA+pS, 

S;=yA+c%S, 

with 

( 10) 

cu=P1r1+ 1, 

P=P1, 

Y=YIPIY2 + YI + Y23 

s=p1y2 + 1, 

and if we suppose that the first medium is air (i.e., 
VI = 1) and replacing v for ~2, we find 

PI =$ 

(11) 

The demonstration is straightforward by unfolding 
the expressions in Procedure 4 and neglecting second 
order terms, i.e., those containing A2, S2 or A . S. 

Property 6. Given equation system ( IO), replacing 
approximations ( 11) and disregarding subindex 2 in 
Ai and Si , a paraxial approximation of the equation 
system provided in procedure 4 is 

A’= [f(l -v)pt + I]A+ [;]S, 

S’= 
[ 

(1 -V>(PI -132) -(v- 1)2/ap234 

[ 
d 

+ l+y(v--l)p? s. 1 (12) 

These expressions can be used to inexpensively 
compute refracted rays, for instance, by means of a 
Z-buffered environment map as the one presented in 
[ 81. Moreover, if the approximations correspond to 
small objects or large distances (as in [ 1 ] ) , then S’ 
suffices for finding the refracted ray, neglecting the 
value of A’. 

Procedure 7. The refracted ray can be computed by 
the following steps: 

(i) 

(ii) 

(iii) 

(iv> 

Transform the incident ray to the lens vertex 
coordinate system and project a and s to A and 
S. 
Find the outgoing ray: Use Procedure 4 and what 
following in the corresponding section, or use 
Property 3 if Gaussian approximation is made. 
Transform back to the three dimensional system, 
using Procedure 3. 
Compute the final RGB intensity using any en- 
vironment map system implemented (Blinn and 
Newell, Z-Buffered Environment Map, or even 
Ray Tracing). 

Then, it can be claimed that the framework proposed 
here allows to compute environment map approxima- 
tion of refracted rays with the original philosophy of 
Blinn and Newell. 
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0Thin Iensta and reflections 7. Environment-map preprocessing 

Further simplification can be made in the case of 
thin lenses. 

PFoperty 8. I’n lenses where d is tiny or, more 
generally, where (d/v) (Y - 1) p2 N 0, the expression 
for S’ in Eq. i 12) reduces to 

S’=[(l-V)(PI-&IA+!% (13) 

Eq. (13) is quite inexpensive and can be a good 
first approximation of Eq. ( 12) in most cases. More- 
over, since our aim is to compute refractions in an 
environment map, which was originally developed to 
compute reflections, we will now establish a compar- 
ison between these results and those for reflections. 

We will now discuss one more issm of the envi- 
ronment map implementation. Theorem I5 &ows the 
computation of refracted rays as s’ N LV& This 
suggests the possibility of a preprocessing of the en- 
vironment map in such a way that we can compute 
refractions with the same algorithmic machinery for 
reflections (see for example [ 131 and f 121) . The es- 
sential operation, then, is to invert the environment 
map. For instance, in a cubic environment map, the 
up and down faces must be swapped, and the six faces 
must undergo a vertical inversion (see Fig. 5). 

Theorem 9. The corresponding approximation that 
leads to Eq. i 13), but for reflection from a single 
spherical surface (which we omit because of space 
considerations, but which is developed with essentially 
the same steps as for refmction) gives 

S; = [2pl]A t- S. (14) 

The operation Mxyr however, mirrors with respect 
to the xy plane, which is perpendicular to the z axis 
(defined as the optical axis of the system). Then, the 
optical axis must be parallel to the z axis of the world 
coordinate system, otherwise additional preprocessing 
will be needed. This preprocessing can be described 
mathematically as a coordinate system change, where 
the z axis of the new system is aligned so that s: is 
given by Eqs. ( 1) and (3), but computing it with vec- 
tors a and s previously rotated with a rotation trans- 
formation Ro,+,,~. 

Theproofcanbefoundin[6].Eqs.(13)and(l4) 
are comparable: when 

us 1 
p2 - - u - p (15) 

But in the comparison between Eqs. (13) and (14), 
we must consider that these equations compute only 
the projection onto xy plane, and since our objective 
is to compute s’ and s:, so we must also compute 5’ 
and &:. 

Theorem 10. From Eq. (8), and the fact that both 
incident and reJIected rays are in the same medium 
(u = l), we$ntz’ 

5’= +J1 - (!q’)2 + (P)‘), 
<‘, = - Jx - (iv:)2 + (5fJ2). 

Then, under condition ( 15), a refracted ray can be 
computed as a seflected ray with a mirror operation 
MXY on the xy plane (i.e., by just changing the sign 
of the z component) . Subsequently, the computational 
cost of refractions is the same as for reflections. 

procedure 11. To compute a refracted ray s’ as a 
by-product of a reflected ray s: computation, 

(9 

(ii) 

(iii) 

Rotate vectors a and s with a rotation transfor- 
mation R,gp,cr, where 8, p, u are the Euler angles 
of the rotation [ 51. 
Compute reflected ray s: from rotated a and s, 
following Eqs. ( 1) and (3). 
Compute refracted ray s’ as 

s’ = R;; ~ . M,,. . s;, I 1 

where R&&, = R-e,--(P,--(T is the inverse rotation 
transformation. 

It can be shown that Procedure 11 defines a mir- 
ror operation MC about a generic plane. This plane 
is specified by its unary normal ii, which is equiv- 
alent to determining the rotation with its Euler an- 
gles [lo], This means that, in preprocessing the 
environment map, the orientation of the lens must 
be considered. For example, if the optical axis of 
the lens forms a 45 degrees angle with the world 
z axis, then swap front with down, and back with 
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-- -.- - 
Fig. 5 Fig. 6 

Fig. 8 
Fig. 5. An example of refraction approximation through reflection mnp preprocessing. 

Fig. 6. Another example of refraction approximation through reflection map preprocessing. 

Fig. 7. Some frames from an animation sequence taken from a static scene with a single environment map preprocessing step. 

Fig. 8. Refraction approximation of a complex object. 
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Fig. 9. Approximation as a series of lenses. 

up faces of the environment map, and then rotate 
90” clockwise down, back and lef faces, and 90” 
counterclockwise up, front and right faces, flip right 
and lefi, and mirror the remaining four (see Fig. 6). 
The preprocessing procedure is invariant with re- 
spect to viewing transformations. Then, for static 
scenes, animation can be effortlessly produced (see 
Fig. 7). 

8. Conclusions and further work 

A new and inexpensive model for refraction ap- 
proximation through generic objects was presented. 
Translucid objects are approximated as spherical 
lenses, and the optical (exact) expressions were 
derived. Since these resulted in costly computa- 
tions, a Gaussian (paraxial) approximation was 
applied. Blinn-Newell approximation for acceler- 
ated computation was also discussed, leading to 
an overall adequate model, which is computation- 
ally inexpensive. The last approximation was to 
consider thin lenses, for which the expressions col- 
lapse with the reflection expressions. This led to 
consider the reuse of reflection implementations 
to compute refractions. In particular, environment 

maps for reflections can be reused to compute 
thin lens refractions via a preprocessing of the 
map. 

Since our model leads to inadequate refraction ap- 
proximations of complex objects (see Fig. 8), we are 
currently considering complex shape approximations 
as a series of lenses (see [9] and Fig. 9). In addi- 
tion, we are currently developing a formal method that 
justifies the proposed approximation. The geometri- 
cal parameters of the lenses are easily derived from 
the polygonal description of the objects. A more gen- 
eral illumination model is also under consideration, 
resulting in a quite complete and accurate illumina- 
tion model. Another strategy under development is to 
consider a complex object as a lattice of lenses. Then, 
only the local curvatures of the incident and emergent 
ray are relevant to the refraction calculations. 
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