
�����������	��
���������������������� ���
��! "��#$��&%'�)(*��������+,
-

�.��/� ���0
1�324��
�.5� �6
�.�'78�9�#;:;��7<�=��-�>
@?

ACB0DFEHG�IKJ�G�LMDNJPO�BRQSDFE�TVU<DFORIKW�XZY�IKB[O
\^]`_baPcdaPeNagfCh \i]NjlkKmPnpoq aPcsr q c@tgu`vwcwr q r�cskK]`_0x`yM]`cwz|{RmP_}cwa q a~fN{��McdmPk�] q9��� vwe`cw_~� q ]Fa q v��k�_[��] ��>�K���F� �McdmPk�] qF� �Fu q cw]r q _ba}mPk��Mcwn q x e`fN�9x {�_ q ]�f�n q aP{0eZ�Mcwn q x e`fN�9x {�_

�)���0�0�=�`��������� {	n�eNvdaPcZu q a � n�{�a � kFf)cw_ q�� k�]�aP{�� q mPvwk�aP{0r � ]`cs��e`{ga � q a$_}kKvwz|{0_1a � {Mm q=�f9cwk�_}cdai��uNmPkK `vw{0n � c¡x {�xKa � {�cwvwvwe`n�cw] q aPcwk�]�cw] q _}r0{�]`{�¢$cda � fNcd£CeN_}{	¤ q vw_}k	r q vwvw{>f�v q n� Z{�m}aPc q ]�¥_}e9m}j q r0{0_0x ��� cs_$aP{0r � ]Nc¦��eN{6e`_}{0_$m q ]`fNkKn§��vwk�  q v¨vwcw]`{0_$j©k�m~a � {6a}m q ]N_}uZkKm}a~kKjª{0]N{�mP�K� � r0k�] �a}m q m}�«aPk¬a � {�r�v q _}_}cwr � k�]�aP{�� q mPvwkpaP{0r � ]`cs��e`{0_ � cw]�¢ � cwr � a � {)vscw]N{0_�eN_}{>f q mP{�vwk�r q v�aPka � {~_}e9m}j q r0{~¢ � {�mP{~a � {���{�9cdaP{>f�jlmPkKnSx ��� {~n�eNvwaPcNu q a � aP{�r � ]`cs��e`{$ ZkKm}mPk>¢$_-mP{0_}eNvdaP_-jlmPkKn\^]�aP{0�Km q v-�M{�k�n�{�a}m}�¬aPk�uNmP{>f9cwr�a	a � {�r0kKm}mP{0rRa	a}m q ]`_bjl{�m�kKj-{0]`{RmP�K� ��q ]`f'r q ]V Z{�_ � k>¢$]VaPk Z{ q m q ]�fNkKn®¢ q vw¯�n�{�a � kFf � cw]�¢ � cwr � q ��{0kKn�{�a}mPcwr$u q a � r0kKm}mP{0_}uZkK]�f9_°aPk	_}{0z|{Rm q v`vwkK��cwr q vu q a � _0x
±«{6¢$cwvsv@_baPe�f9��cw]Sa � cw_gu q uZ{Rm~a � { q u`uNvwcsr q aPcwk�]'kKj²��e q _}c �b� kK]�aP{�� q mPvwk�_}{>��eN{0]`r0{�_gaPka � {Mm q ]`fNkKn³_ q n�uNvscw]N��kKj@a � {6�KvskK  q v@vwcw]`{0_0xN\in�uZk�m}a q ]�a1cwn�uNmPk=z|{0n�{�]FaP_°cw]�a � {M{�´�r0cw{0]Nr��k�j°a � {�n�e`vdaPc@u q a � n�{�a � kFf�j©kKm6r0{�m}a q cw]'_}{>��e`{0]Nr0{0_g¢$csvwvª Z{�fN{0n�kK]`_ba}m q aP{0fHxCtgvwaP{RmP] q aPcwz|{¢ q �N_	k�j��K{0]`{�m q aPcw]`���Kvwk�  q vªvscw]N{0_6¢$cwvsv q vw_}k� Z{�_baPe�f9cw{>f'cw]pa � {�r0k�]�aP{�Fa	k�j1��e q _}c �i� kK]FaP{� q mPvwkNx

µ ¶`·g¸Z¹Cº	»�¼¾½@¸C¿Pºg·

À6ÁCI6Â�WCÃ¦ORÄCÅ�D�ORÁ�ÂSI=O�ÁCQZT)Æ¡QNB-B0D9TCÄ¦Q`J[Ä¦OPÇ�ÄlJ1TCIKJ�G=B�Ä¦Y@IKT�Ä¦E�È XZÉgÊ�ÉgË9Ì�ÍbÎ�ÏbO$Ä©J-D�ÂSI�Â�Y�IKB
QFÆ²D�ÆÐD9ÂSÄ¦ÃlÇSQFÆªÂSI=O�ÁCQZTCJ~GKDFÃlÃ¦I�T¬Y�Ç¬TZÄsÑ¨I�B�I�E`O6DFWZO�ÁCQ9B0J$ÒNÃ¦QNYHDFÃ@U�Q9E`ORI�LMDFB�Ã¦Q�Ó9Ò9ÃlQ9Y�DFÃ
Ô�D9TZÄlQNJRÄ¦OPÇ�QNBMORB0DFEHJRÄ¦ÃlÃlWCÂSÄ¦EHDFORÄlQ9EpÂSI�ORÁCQZTCJ�È XZÉgÉ~ËNÕ`ÓdXZÖ�A�Ê�LMË�×`Ó Ê¾I�WHË`Õ|ÍbÎZÀ6ÁCI�Ç¬WHJRI
B�D9EHTZQ9Â�Ò9ÃlQ9Y�DFÃ²ÃlÄlECIKJ�Ø¡QNB�TZÄlB�IKG>O�Ä¦QNEHJ0ÙMORQ«J[ÄlÂ�WCÃ©D�O�I)O�ÁCI�O�B�D9EHJRÅ�QNB[O¾Q9Æ$I�ECIKBRÒNÇ9Ó@DFEHT
Ä¦E«ORÁHÄlJ	Ú6D|ÇSORQpG�Q9ÂSÅCWZO�I�ORÁCI�B0D9TZÄlQNJRÄ¦OPÇ9Î

À6ÁCI6Ò9ÃlQ9YHD9ÃNÃlÄ¦EHIKJ1DFB�IMÄ¦EHTCI�Å@I�EHTZIKE`O$QFÆHO�ÁCI	J[WHB[ÆÐDNG=IKJ-QNB-Å�D�O�G0ÁHIKJ-Ä¦E�O�ÁCI	JRG�I�ECINÓ�Ä¦E
G=Q9E`O�B�D9Å�Q`J[Ä¦ORÄlQ9E�ORQ�Ã¦QZGKDFÃ`Ã¦ÄlECIKJKÓ�WHJ[I�T�ÄlE�ORÁCI6G=Ã©D9J�JRÄlG1ÂSI�ORÁCQZTCJKÓKÚ	ÁHÄlG0Á�D9BRI~TZI�Å@I�EHTCI�E`O
Q9EpO�ÁCI�ÅHD�O0G0ÁCIKJgORÁHI�Ç'D9BRI�G�D9J[OMÆ¡BRQNÂ«Î�À6ÁCI�Ò9ÃlQ9Y�DFÃ@Ã¦ÄlECIKJ6GKDFEpO0DFÛNI�D9TCÜ|D9E`O�DFÒNI¾Q9Æ°DFÃlÃ
ORÁCI�Ä¦E`ORIKB�JRIKG=ORÄlQ9EHJ$Ú	ÄsO�Á¬ORÁCI�JRG�I�ECINÎNÝ¾Q�Ú~IKÜ9I�B$D)ÅCBRQNYCÃlI�ÂÞDFB�ÄlJRIKJ1ÁHI�B�I9ÎNÀ6ÁHI¾B0DFEHTZQNÂ
J[I�ßNWHI�EHG�IKJMWHJRIKT¬O�QSÒ9I�EHI�B0D�ORI¾ORÁCI�ÃlÄ¦EHIKJ6ÁHD|ÜNI�D�ÁCÄ¦ÒNÁ«TCÄlJ�G=B�I�ÅHD9EHG=Ç�È Ê�ÄlIKË`à|ÍbÎ�À6ÁHÄlJ6Ä©J
Ä¦ECÁHI�B�I�E`O�ORQ<D9Ã¦ÃgU<Q9E`ORIVLMD9BRÃlQ�Â�I�ORÁCQZTCJKÎ²áâIpÁHD|ÜNI�ORB�Ä¦I�TãO�Q<D|Ü9QNÄlTãORÁCÄ©J�ÅCB�Q9YHÃ¦IKÂ
Y`ÇäWHJRÄlECÒåß`WHDNJ[Ä¦æbU<Q9E`ORI«LMD9BRÃlQçØ^ß`UâL6Ù�ÃlQ�ÚèTZÄlJ�G=B�I�Å�DFEHG�ÇâJ�DFÂSÅCÃlÄ¦EHÒHÓ°ORÁHDFO�Ä©J�Ó�ÃlQ�Ú
TZÄlJ�G=B�I�Å�DFEHG�ÇpJ[I�ßNWHI�EHG�IKJ�Ø¡Ã©TCJ0Ù>Î

áåI�Ú	Ä¦ÃlÃ-J[O�D9B[O�Ú	ÄsO�ÁãDpYCB�ÄlI=Æ$B�I�Ü�Ä¦IKÚ³QFÆ1ORÁHI�ÅCB�I�Ü�ÄlQ9WHJ	ÚMQ9B�Û¨Î�À6ÁCIKEªÓ@Ä¦EåXZIKG>O�Î@éHÓ
Ú~IpÚ	ÄlÃlÃMG�Q9EHJRÄlTCI�B�TZÄ¦Ñ¨I�B�I�E`O�Ú6D|ÇZJ�ORQãÅHBRQZTZWHG�IpB0DFEHTZQNÂ�ÒNÃ¦QNYHDFÃ$ÃlÄlECIKJKÎ°Ï}EçXZIKG>O�Î°ê�Ó
ß`UâL®J�DFÂSÅCÃlÄ¦ECÒSDFÅHÅCÃ¦ÄlIKT'ORQ�Â�WHÃsO�ÄªÅHD�O�Á'ÂSI=O�ÁCQZT«Ú	Ä¦ÃlÃ�Y�I�TZÄ©J�G=WHJ�J[I�T�ÎZÊ�I�ë`O	ÚMI�Ú	Ä¦ÃlÃ
ÅCBRI�J[IKE`O	JRQ9ÂSI�B�IKJRWCÃsO0J�ÓCD9EHT«I�EHTVÚ	Ä¦ORÁ«ORÁCI)G�Q9EHG�Ã¦W�J[ÄlQ9EHJ	D9EHT'Æ¡WZORWCB�I�ÚMQ9B�Û@Î



� �å¹�����¿Pºg¼��	� ºg¹�

���� ������������������� �"!$#%!%�&�&�(')�+*-,�.�/��0���1�+2��
À6ÁCI436587:91;=<>9@?�ACBEDGFH5I?J91;IK ÈdL~á Ë9é|ÍgJRQ9ÃlÜ9I�J�Æ¡Q9B�ORÁCISÄlÃ¦ÃlWCÂSÄlEHD�O�Ä¦QNEâÄlEäDVTZÄ¦Ñ¨WHJ[I¬IKE�Ü`Ä¦æ
BRQNECÂSI�E`OKÎZÏbO¾GKDFE«Y�I�Ú	B�ÄsORORIKE«ÄlE«ORÁCI�Æ¡QNBRÂ

L'Ø1M@ÙONQPpØ M¨ÙSRUT�Ø1M@ÙHV0WXLVØ M+Y©Ù6ZpØ1MS[\M+Y¡Ù G�QNJ0]$G�QNJ0] Y^�_I` acb Ø M+Y©Ù Ø\d�Ù
Ú	ÁCI�B�I

e L'Ø1M@Ù6Ä©JMORÁCI�B0D9TCÄ¦Q`J[Ä¦OPÇe PpØ M¨Ù6Ä©JMORÁCI�IKÂ�Ä¦O[O0DFEHG�Ie TSØ M@Ù	ÄlJMO�ÁCI�BRIGfHIKG=O�D9EHG=Iehg ÄlJ6O�ÁCI)JRI=O	QFÆ1J[WHB[ÆÐDNG=IKJ~O�ÁHD�O	Æ¡QNBRÂ ORÁCI�IKE`Ü�ÄlBRQNECÂSI�E`Oe MS[6M Y D9BRI�Å@Q9ÄlE`O�J6Q9E�JRWCB[ÆÐDNG=I�J6QFÆ²O�ÁCI�I�E�Ü�ÄlBRQNECÂSI�E`Oe aib Ø1M Y ÙMÄ©J	DFE�DFB�IKD�TZÄ¦Ñ@IKBRIKE`ORÄ©DFÃªD�O�Å@Q9ÄlE`OjM Ye _ Ä©JMORÁHI)TZÄlJ[O�D9EHG=I�Y@I=OPÚMI�IKEkM<D9EHTkM Ye ZpØ1MS[\M Y Ù$Ä©J6D)Ü�ÄlJRÄlYCÄ¦ÃlÄ¦OPÇSÆ¡WCEHG>O�Ä¦QNE'I�ßNW�DFÃ�ORQld�Ä¦ÆSM«D9EHTmM Y DFB�I�Â�WZO�WHDFÃlÃlÇ¬Ü`Ä©JRÄ¦YCÃlI
DFEHT4nSQ9ORÁCIKBRÚ	Ä©J[INÎCÀ6ÁCI�G�Q9ÂSÅCWZO0D�ORÄlQ9E�Q9Æ°O�ÁCÄlJ	Æ¡WCEHG>O�Ä¦QNE�ÄlJ	ORÁCI)Â¬D9Ä¦E�JRQ9WCB0G=I�QFÆ
G=Q`JPO�JRQ9ÃlÜ`ÄlECÒ�ORÁHI�IKß`WHD�O�Ä¦QNEe ]�[\] Y DFB�I�ORÁCI)D9ECÒ9ÃlIKJMO�ÁCI�ECQ9B�Â¬DFÃ©J6D�OjMS[6M Y Æ¡QNBRÂ Ú	ÄsO�Á«ORÁCI�ÃlÄ¦EHIpoPQNÄ¦EHÄ¦ECÒSO�ÁCI�Âe ZpØ1MS[\M Y ÙIqsrEt=ucqsrEt�uEvw:x6y ÄlJ	ORÁCI)TZÄ¦Ñ¨I�B�I�E`ORÄ©DFÃ¨Æ¡QNBRÂ ÆÐD9G>O�Q9B6Y@I=OPÚMI�I�E4M<D9EHTlM Y Î
À²QçJRQ9ÃlÜ9I�O�ÁCIãB0D9TCÄ¦Q`J[Ä¦OPÇçI�ßNW�D�ORÄlQ9E®ÚMIãGKDFE®WHJRIãD	zHEHÄsO�IãI�ÃlI�ÂSIKENO�DFÅCÅHBRQ`D9G0ÁªÓ

TZÄlJ�G=B�I=O�ÄlJRÄlECÒ�O�ÁCI�JRG�I�ECI�ÄlEVÅHDFO�G0ÁCI�J6DFEHTVG=Q9E�J[Ä©TZI�B�ÄlECÒ�B0D9TCÄ¦Q`J[Ä¦ORÄlIKJKÓNIKÂSÄlJ�J[ÄlÜ�ÄsO�Ä¦I�J6DFEHT
BRIGfHIKG=O�DFE�G=IKJ~G=QNEHJPO0DFE`O$Q�Ü9IKB1ORÁHI¾ÅHDFO�G0ÁCI�J�Î`ACQ9B~I�ÜNI�B�Ç�ÅHDFO�G0Á¬ÚMI�ÁHD|ÜNI	ORÁCI¾Æ¡Q9ÃlÃ¦Q�Ú	ÄlECÒ
IKß`WHD�O�Ä¦QNEªÓZQ9YCO�DFÄlECI�TpÆ¡B�Q9Â ORÁCI)TZÄ©J�G=B�I=ORÄ©J�D�ORÄlQ9EVQFÆ�IKß`WHDFORÄlQ9EäØ{d�Ù�ÈdL~á Ë9éFÍiÎ

LX|�N}P-|~R�TX|i�:����| � L �
Øià9Ù

Ú	ÁCI�B�I

e L | Ä©J~ORÁCI�B�DNTZÄlQNJRÄsOPÇ�QFÆ²Å�D�O�G0Á��0ÓNO�ÁCI�fHWZëpQFÆ°I�ECIKBRÒNÇ�Å@I�B6WCEHÄsO�DFB�IKD�ORÁHDFOMÃlIKD|ÜNIKJ
ÅHD�O0G0Á���Ø¡á��I� ` Ùe P | ÄlJ$ORÁCI�I�ÂSÄsORO�D9EHG=I�Q9ÆªÅHD�O0G0Ám�0ÓFORÁHI-fHWZë¬Q9Æ¨IKECI�B�Ò9Ç�Å�IKB~WHECÄsO6DFB�IKD�O�ÁHD�OMI�ÂSÄsO0J
ÅHD�O0G0Á���Ø¡á��I� ` Ùe T�|-Ä©J$O�ÁCI�BRIGfHIKG=O�DFE�G=I¾Q9ÆªÅHD�O0G0Á��0Ó`ORÁCI�Æ¡B�DNG>O�Ä¦QNEpQFÆªIKECI�B�Ò9Ç�ORÁ�D�O~Ä©JMBRIGfHIKG=ORI�T¬Y�Ç
ÅHD�O0G0Á��e ��| � Ä©J�ORÁCIVÆ¡Q9B�Â ÆÐD9G>O�Q9B�Æ¡BRQNÂ ÅHD�O0G0Á���ORQåÅHD�O0G0Á���Ó°O�ÁHD�OSÄ©J�Ó°ORÁCIVÆ¡B0D9G>O�Ä¦QNE3QFÆ
I�ECIKBRÒNÇSORÁHDFO�Ã¦I�D|Ü�Ä¦ECÒ�ÅHDFO�G0Ák�$ÃlD9EHTCJ	TZÄlB�IKG>O�Ã¦Ç'Q9E«ÅHD�O0G0Á���ÓCTZIGzHECIKTäÈdL~á Ë9é|Í-D9J
ORÁCI�ÄlE`ORIKÒ9B0DFÃ



��| � N d
� | V

���
V
���

G=Q`J0]$G=Q`J0] Y^�_ ` ZpØ1MS[6M Y Ù acb Ø M¨Ù acb Ø M Y Ù Ø^éNÙ

L~Q9EHJRÄlTCI�B�Ä¦ECÒ�O�ÁCI'JRQ9ÃlÄlT D9ECÒ9ÃlI���DFE�TâORÁCIVBRIKÃlDFORÄlQ9E a � N qsrEt�u v	��
���&v	�xEy Ú~I'GKDFE
BRIKÚ	BRÄ¦ORI�ORÁHI�Ä¦E`ORIKÒ9B0DFÃ1ÈdL~á Ë9é�Í²DNJ

��| � N d^ � | V
�

V
� �

Z�| � Ø��-[6M@Ù������G] aib Ø1M@Ù a � ØÐê`Ù

Ú	ÁCI�B�I6Ú~IMÄ¦E`O�I�Ò9B0D�O�I~QNE�O�ÁCI	ÁCIKÂ�Ä©JRÅCÁCI�B�I�� DFEHT�Q9E�ORÁHIMÅ�D�O�G0Á �gØ^A°ÄlÒHÎ0d|Ù>Î8Z | � Ø��-[\M¨Ù
ÄlJ d�Ä¦Æ-Å�D�O�G0Ám�¬Ä©J6Ü�ÄlJRÄlYCÃ¦I�Æ¡B�Q9Â Å�QNÄ¦E`O-M�ÄlE�TCÄ¦B�IKG=ORÄlQ9E���Î

patch i

N

Vij = 0

patch j

����� �! ���"�#%$'&)(+*-,%.0/1#+2�$&)(43%.5,%&�2�#%$6#879&�:'(;7�#%.=<>7�,!?@&A#%.=B

À6Á`W�J�Ú~IgÁHD|Ü9I1D�JRÇZJPO�I�Â Q9ÆZIKß`WHD�O�Ä¦QNEHJ$Øià9Ù>ÓKÚ	ÄsO�Á�D9JªÂSD9E�Ç¾IKß`WHDFORÄlQ9EHJ²D9JªÅ�D�O�G0ÁHIKJ
Ä¦E�ORÁHI�JRG�I�ECINÎC�WCB�O�D9BRÒNI=O1Ú	ÄlÃ¦ÃCY@I6ORQ�JRQ9ÃlÜ9IMORÁHÄlJ$JRÇZJPO�I�Â�Î9À6ÁCI	ÂSQ`JPO1I=ëZÅ@I�EHJRÄlÜ9I6ÅHDFBRO
ÄlJ-O�ÁCI�G=QNÂ�ÅHWZO�DFORÄlQ9E�QFÆ@Æ¡Q9B�Â§ÆÐD9G=ORQ9B0JKÎKÆ¡QNBRÂ ÆÐD9G=ORQ9B0J-Q9ECÃlÇ�TZIKÅ�IKEHT�Q9E�ORÁCI	ÒNI�QNÂ�I�ORB�Ç
QFÆ-ORÁCI)J�G=IKECI9Î

DMDNJ[Ä©G�D9Ã¦ÃlÇ¬ÚMI�Á�D|Ü9I�OPÚ~QSÚ6D|Ç�J~O�QpJ[QNÃ¦ÜNI¾O�ÁCI�B�DNTZÄlQNJRÄsOPÇpJRÇZJPO�I�Â Q9Æ°I�ßNW�D�ORÄlQ9E�J�E

e L~Q9ÂSÅCWZO�Ä¦EHÒ¬I=ëZÅCÃlÄlG�ÄsO�Ã¦Ç¬O�ÁCI�Æ¡Q9B�Â ÆÐDNG>ORQNB�JKÓZI�Ä¦ORÁHI�B6ORÁHI�Æ¡WCÃ¦Ã²ÂSDFORB�ÄsëVQ9B�D�BRQ�Ú D�O
D�ORÄlÂ�INÓCO�QSJRQ9ÃlÜ9I�Y�Ç'E�WCÂSI�B�Ä©G�DFÃ¨ÂSI=O�ÁCQZTCJ6O�ÁCI)J[ÇZJ[ORIKÂ QFÆ-IKß`WHDFORÄlQ9EHJKÎe X�ÄlÂ�WCÃ©D�O�Ä¦ECÒ�O�ÁCI�I=ëCG0ÁHD9ECÒ9I�QFÆ°IKECI�B�Ò9Ç¬Y@I=OPÚMI�IKE'O�ÁCI�ÅHDFO�G0ÁCI�J�Ó�WHJRÄ¦EHÒ�ÄiÎ I9ÎCD�B�D9EZæ
TZQ9Â Ú6DFÃlÛ¨ÎHÏ}E�O�ÁCÄlJ�G�DNJ[I)ORÁCI�ORB0DFEHJRÄ¦ORÄlQ9E�ÅCB�Q9YHD9YCÄlÃ¦Ä¦ORÄlIKJ¾WHJ[I�T�Ú	ÄlÃ¦Ã-Y�I�ORÁCI�Ø¡WHEZæ
Û�ECQ�Ú	E�ÙgÆ¡Q9B�ÂèÆÐDNG>ORQNB�JKÎ
Ï}E�ORÁCISJRIKG=QNEHT<D9ÅCÅCB�QND9G0Á²ÓZORÁCI�Æ¡Q9B�Â�ÆÐD9G=ORQ9B0J�ØÐê`Ù¾DFB�I�JRÄ¦Â�WCÃlDFORI�T�WHJRÄ¦ECÒ«DFE<ÄlÂ�æ

Å�QNB[O0DFEHG�I)JRD9Â�ÅHÃ¦ÄlECÒ'J�G0ÁCI�ÂSI�Ú	Ä¦ORÁ<Å¨T�ÆGF�Ø4�-[\M@Ù NIH5J@K{uw � � È X�Y@IKË`×�YZÍbÎ�À6Á�WHJKÓHÃlÄ¦ECI�J¾D9BRIG�D9J[OMÆ¡BRQNÂ IKD9G0Á'ÅHD�O0G0ÁªÓZD9G�G�Q9B0TZÄlECÒ)O�Q�O�ÁCÄlJ	TCI�EHJRÄsOPÇNÎZÀ6ÁCÄlJ6D9ÅCÅCB�QND9G0Á¬Ä©J	G�D9Ã¦ÃlIKTpÃ¦QZG�D9Ã
ØÐA-Ä¦Ò�Î�àFD`Ù>Î

L E D9ÃsO�I�B�EHD�O�Ä¦ÜNIãJRG0ÁHI�ÂSIãÄ©JVORQçW�J[IâD3Ò9ÃlQ9Y�DFÃ�TCI�EHJRÄsOPÇ Q9Æ�Ã¦ÄlECI�J'ÄlE O�ÁCIåJRI�EHJRI
QFÆ6Ï}ENO�I�ÒNB�D9ÃNM�I�Q9ÂSI�ORB�Ç9Ó�O�ÁHD�O�Ä©JKÓªÁCQ9ÂSQNÒ9I�EHI�Q9W�J�D9EHTäÄ©J[Q9ORB�Q9ÅCÄ©G�È X�Y@IKËNéZÓdXZDFE@×FÌ|ÍbÎ²ÏbO
G�DFE Y@IVJRÁCQ�Ú	E È X�Y@IKË`×�YZÍgO�ÁHD�O�ORÁCÄ©J�Ò9ÃlQ9YHD9Ã~TZIKEHJ[Ä¦OPÇäJ[WCYHÂ�Ä¦O�J�Q9E I�D9G0Á ÅHDFO�G0Á O�ÁCI



¤ q ¥ ¤  �¥
����� ���H���),���� # ?=,%/',	�
� .5# , ?=:�� / 2�$ (0B ,%.�(N?=,�B=&)(�-70.5#�< (5,!?=:�� ,%&A?=:�� ,%$� (0$ (0.43��92 B-&�.5,%$'B	7 (0.�(�
#�$ / � &A# $ (5,%.5(0B=&N2 $'&)(0.0B@(5?@&)(��� ,%&A?=:�������� /1#
��, / ,	�
� .5# , ?=:�� / 2 $ (0B ,%.5( 2 $� (��'(0$� (0$&G# 7 &�:(
� ,�&A?=:(0B�� ,%$� , /�/ 2 $'&)(0.0B@(5?@&�24#%$'B ,%.�(�� B@(� &A# &�.5,�$B	7 (0. (0$ (0.�3����@2 %2 .�(5?@&�24#�$ , / / �

DFY@Q�Ü9I¬G=QNEHJ[Ä©TZIKBRI�TãÄlÂSÅ�QNB[O0DFEHG�IpJRD9Â�ÅHÃ¦ÄlECÒ�TZI�E�J[Ä¦OPÇ9Î L EäÄ¦ÂSÅ@Q9BRO�D9ENO�DNTZÜ�DFE`O�D9Ò9ISQFÆ
ORÁCÄ©J�DFÅHÅCBRQ`D9G0ÁVÄ¦E«Æ¡B�Q9E`O�QFÆ°ORÁCI)ÃlQZG�D9Ã�Q9ECI�Ä©J6ORÁHDFO�IKDNG0ÁVÃlÄ¦EHI)J[IKÒ9ÂSI�E`O�G�D9E«Y@I�WHJRIKT
ORQVORB0DFEHJ[Æ¡I�B�I�EHI�B�Ò9Ç�YCÄ©TZÄlBRI�G>ORÄlQ9E�DFÃlÃ¦ÇNÓ-Ø^A°ÄlÒHÎ²àFY�Ù>ÎªÀ6ÁHÄlJ�Ä©J�WHJ[I�T<Y�Ç�O�ÁCISÂ�WCÃ¦ORÄ1ÅHDFORÁ
DFÃlÒ9Q9B�Ä¦ORÁCÂ�ÓZI=ëZÅCÃ©DFÄlECI�T'ÄlE�ECI=ë�O�J[I�G>O�Ä¦QNEªÎ

���@� �����"! /$# ���&%��0�&�(')#+*+�-,I�1�&��'
À6ÁCI�Â�WCÃ¦ORÄ	Å�D�ORÁ ÂSI=O�ÁCQZT I=ëZÅ�Q`J[I�TçÄlE§È XCÉgÊ¾É~Ë9Ì�Í�JRÁCQ�Ú�J�ORÁ�D�OpÄ¦OpÄlJSÅ@QNJ�J[ÄlYCÃlI«ORQ
J[ÄlÂ�WCÃ©D�O�I�D«B0DFEHTCQ9Â ÚMD9Ã¦Û�W�J[ÄlECÒ�DVÒNÃ¦QNYHDFÃ�TZIKEHJ[Ä¦OPÇ<Q9ÆgÃ¦ÄlECI�J�ÎªÀ6ÁCÄ©J�Ò9ÃlQ9Y�DFÃ�TZI�EHJRÄ¦OPÇ
J[WCYHÂ�Ä¦O�J6QNEVI�D9G0ÁVÅHD�O0G0Á«D�ÃlQ�GKDFÃ�TZIKEHJ[Ä¦OPÇ'DNG�G=QNB�TCÄ¦ECÒ�ORQ�ORÁHI�Ä¦ÂSÅ@Q9BRO�DFE�G=I�JRD9Â�ÅHÃ¦ÄlECÒ
J[IKI�ESÄ¦EpX�I�G>O�ÎNàZÎ d9Ó�WHJRÄlECÒ)DFÃlÃCÃlÄ¦ECI	ÄlE`ORIKB�JRIKG=ORÄlQ9EHJ-O�Q�ORB0DFEHJ[Æ¡I�B1IKECI�B�Ò9Ç)YHÄlTZÄlB�IKG>O�Ä¦QNEHDFÃlÃlÇ9Î

áåIpÚ	ÄlÃlÃgYCB�Ä¦IGfHÇãB�I�Ü�ÄlI�Ú ORÁCIVDFÃlÒ9Q9B�Ä¦ORÁCÂ�Î/.~D9G0ÁâÒ9ÃlQ9YHD9Ã$Ã¦ÄlECIpÚ	ÄlÃlÃ~JRÄ¦Â�WCÃlDFORI¬O�ÁCI
I=ëCG0ÁHDFEHÒ9IMQFÆ+fHWZë�Q9Æ�IKECI�B�Ò9Ç)Y@I=OPÚMI�IKE�JRI�ÜNI�B0DFÃ�ÅHD9Ä¦B0J�QFÆ¨ÅHD�O0G0ÁCIKJKÎ�Ï}E�ORÁCÄ©J1Ú6D|Ç9Ó|I�ÜNI�B�Ç
Ò9ÃlQ9YHD9Ã@ÃlÄlECI)G=QNENO�BRÄlYCWZO�IKJMO�QpJ[IKÜ9I�B0DFÃ¨ÒNI�Q9ÂSI�ORB�ÄlG�ÅHD�O�ÁHJ�ØÐA-ÄlÒHÎHéNDNÙ=Î

Source

1

2

4
3

¤ q ¥ ¤  Z¥
����� ��0H�1�8,2� <3� / &�2�� ,%&�:+< (0&�:'#465�7 3 /1#8�=,%/ / 2 $ (��A&�:'(G&�:�24?	9 #%$ (:� B�2 <3� /1,%&)(0B�& ; # 3 (5#%<+(0&�.=24?
� ,�&�:�B�� 2�$�%24?�,%&)(�<; 2 &�: &�:( ?=#�$&�2 $=�#>� B B=&�. #?9!( ,%$� &�:() ,%B :(� B�&�. #?9!(�������<3�'/ &�2@� ,�&�:
< (0&�:'#465�7 3 (5#%<+(0&�.=24?A� ,%&�: ?�,%$>?=#�$&�.=2B����&)(�&A# &�:( (0< 2 B�B�24#%$># 7C� #�; (0. 70.5#�< B�(2D%(0. , /
� ,�&A?=:(0B�5�E=$ &�:(�F�3���.5(2�G3 (�#�<+(0&�.=24?C� ,%&�:HG�IBJ6I�K8IML B�2 <N� /1,%&)(0BO� ,%&�:�BPG�IBJ6I+K
IMLQ�OJ
I�K
IRL ,%$�
K8IML�5@S :�2 BG2 B B�2 < 2�/1,%. &A# &�:( ?�#�D%(0.=2 $ 3O� ,%&�:�B&TBU@���WV6G:X



M�Ã¦QNYHDFÃ�Ã¦ÄlECIKJ~DFB�I�ÄlENO�I�B0J[I�G>O�IKTSÚ	Ä¦ORÁ¬O�ÁCI�J�G=IKECI9Î`ACQ9B~IKDNG0Á�ÃlÄlECI�O�ÁCI¾ÄlE`ORI�B0JRIKG>O�Ä¦QNEHJ
DFB�I�J[QNB[O�IKT�Y�Ç�TZÄ©J[O�DFE�G=I�ÄlEpDFE¬ÄlE`ORI�B0JRIKG>O�Ä¦QNESÃ¦Ä©JPO�Î=.~D9G0ÁSÅHD�O0G0Á<Ø¡Ä¦ÆªECQFOMD�J[QNWCB�G�I�Ù-ÁHDNJ
Ú	ÄsO�ÁpÄsO~OPÚ~Q�ßNW�DFE`ORÄ¦ORÄlIKJKÎ C�ECI¾BRI�G=Q9B0TCJ�O�ÁCIjfHWCëSQ9Æ�I�ECIKBRÒNÇ�DNG�G=WHÂ�WCÃ©D�O�IKT�Ó9ORÁCI�Q9ORÁCIKB
Q9ECI¬Ä©J�ORÁHIpWCEHJRÁCQFO f�WZëâQ9ÆMIKECI�B�Ò9ÇNÎªACQNB)I�ÜNI�B�Ç<ÅHDFÄlB)Q9ÆMÅHDFO�G0ÁCI�J)DFÃlQ9EHÒVO�ÁCIpÄlE`ORI�BRæ
J[I�G>ORÄlQ9EVÃ¦Ä©J[OKÓ`ORÁCIKÇ¬I=ëCG0ÁHD9ECÒ9I	O�ÁCI�ÄlB6WCEHJRÁCQFO6I�EHI�B�Ò9ÄlIKJKÓ`TZI�G=B�IKDNJ[I�T¬Y�Ç�O�ÁCI�BRI�J[Å@IKG=ORÄlÜ9I
BRIGfHIKG=O�DFE�G=IKJKÓZDFEHTVÂSQ9B�I�Q�ÜNI�B$O�ÁCI�ÇVD9TCT'ORQ�ORÁHI�ÄlB�D9G�G�WCÂ�WHÃlDFORIKTVI�EHI�B�Ò9Ç�ORÁCI�WHEHJ[ÁHQFO
I�ECIKBRÒNÇãQFÆ6O�ÁCIpQFO�ÁCI�B�ÅHD�O0G0Á ØÐDFÃ©JRQ<TZIKG�BRI�D9JRIKTåY`ÇåORÁHIpBRIGfHIKG=O�D9EHG=I|Ù>Î²ÏbÆ�D�ÅHDFO�G0Á Ä©J
DVJRQ9WCB0G=INÓ¨Ú~I�Û9IKI�ÅåD9ÃlJRQ�DpO�ÁCÄ¦B0TâßNW�DFE`ORÄ¦OPÇ9Ó@ORÁHI�IKÂSÄsORORIKTåI�EHI�B�Ò9Ç�Å@I�B�Ã¦ÄlECISI=ëZÄ¦ORÄlECÒ
ORÁCI«J[QNWCB�G�I9Î²À6Á�WHJKÓ²Ä¦Æ�Q9EHIpQFÆ	O�ÁCIpÅHDFO�G0ÁCI�J)QFÆ	O�ÁCIpÅHD9Ä¦B�ÄlJ�DFE IKÂ�Ä¦O[O�I�B�ÅHD�O0G0ÁªÓ²ÚMI
Â�WHJ[O)D9TCTåORÁHÄlJ�IKÂ�Ä¦O[O�IKTâI�EHI�B�Ò9Ç�Å@I�B)ÃlÄ¦EHI�O�Q«ORÁCI¬WCE�J[ÁCQ9O�I�ECIKBRÒNÇ9Î�À6ÁCÄ©J��[IKÂ�Ä¦O[O�IKT
Å�IKB�ÃlÄ¦EHI��pIKECI�B�Ò9Ç«Ä©J�G�Q9ÂSÅCWZO�IKT<ÄlE�O�ÁCI�Æ¡QNÃ¦ÃlQ�Ú	ÄlECÒpÚ6D|Ç E�Ò9ÄlÜ9IKE�ORÁCI�E�WCÂ�Y@I�B�QFÆ$O�ÁCI
Ã¦ÄlECIKJMÚMI�D9BRI�Ò9Q9ÄlECÒ�ORQSG�D9J[OKÓ`ÚMI�G�Q9ÂSÅCWZO�I¾Æ¡QNBMD9E`ÇSÃlÄ¦ÒNÁ`O6JRQ9WCB0G=I�ÅHD�O0G0ÁpY@I=Æ¡Q9B�I�Á�DFEHT
ORÁCI�Æ¡Q9B�IKGKD9J[OME�WCÂ�Y�IKB6QFÆ°ÃlÄlECIKJ6ÅHDNJRJRÄlECÒ�O�ÁCB�Q9WCÒNÁ'Ä¦OKÎCÀ6ÁCÄ©J6E�WCÂ�Y@I�B6Ä©J�Ó�Æ¡QNB�D�ÅCÃ©DFE�DFB
ÅHD�O0G0ÁªÓFÅCB�Q9Å@Q9BRORÄlQ9EHD9Ã�ORQ�O�ÁCI¾DFB�IKD�QFÆ¨O�ÁCI	ÅHD�O0G0Á�È XZD9E@×�Ì�ÍiÎ`À6ÁCI�TZÄlÜ`Ä©JRÄ¦QNE�Q9Æ�O�ÁCI	O�QFO�D9Ã
J[QNWCB�G�I�IKECI�B�Ò9Ç'Y`ÇpORÁCÄ©J	E�WCÂ�Y@I�B	ÒNÄ¦ÜNIKJMO�ÁCI�ÅCB�IKTZÄ©G>O�IKTVI�ECIKBRÒNÇpQFÆ-Q9ECI�ÃlÄ¦EHI9Î

À6ÁCI�B�I¾DFB�I	O�ÁCBRIKI�Â¬DFÄlE'D9TCÜ|D9E`O�DFÒNIKJ1ÄlE¬O�ÁCI�Â�WCÃ¦ORÄ@ÅHD�O�ÁpÂSI=ORÁHQ�TªÎ`À6ÁCI¾OPÚ~Q�zHB�J[O
Q9ECI�J$DFB�I6ORÁCI¾WHJ[I¾QFÆªDFÃlÃCÄlENO�I�B0J[I�G>O�Ä¦QNEHJ1QFÆªD�ÃlÄ¦EHI¾DFEHT�O�ÁCI��G917I9@36B��G?�91;:K+5	� 9@?�A¾QFÆ�I�ECIKBRÒNÇ
ORB0DFEHJ[Æ¡I�B�Î°À6ÁCIVQFO�ÁCI�B�ÂSD9Ä¦E D9TZÜ�DFE`O0DFÒ9I¬Ä©J�ORÁHDFO�IKDNG0Á ÅHD�O�Á3Ä©J�WHJRIKT ORQ<O�B�D9EHJRÅ�QNB[O
TZÄsÑ¨I�B�I�E`O�ÃlQ9ÒNÄlGKDFÃ¨ÅHD�O�ÁHJ)Ø^J[IKI�A-ÄlÒHÎHé9Y�Ù>ÓCDNJ6Ú	ÄsO�Á«ORÁCI)G�Q�Ü9I�B�ÄlECÒ�Å�D�ORÁ�J�È Ô	WHY�
�d�ÍiÎ

L TCB�D|Ú	YHDNG0Û�QFÆ~ORÁCI¬Â�WCÃsO�Ä1ÅHD�O�ÁäÂ�I�ORÁCQZT�Ó°TZWCI�ORQ�Ä¦O�J�ÒNÃ¦QNYHDFÃ�EHDFORWCB�I9Ó�Ä©J�ORÁ�D�O
Ä¦E	zHB0J[O�JPO0DFÒ9I�J�ORÁCIVTZÄlJ[ORB�ÄlYCWZORÄlQ9EäQ9Æ6Å@Q�ÚMI�B�Ä©J�Q9ECÃlÇãÅ@QNJ�JRÄ¦YCÃlISÆ¡B�Q9Â�ÃlÄlÒ9Á`O�J[QNWCB0G=IKJKÓ
DFEHT«J[Q�ÂSQNJ[O	QFÆªO�ÁCI�Ã¦ÄlECI�J	G�D9J[O6Ä¦EVORÁCI�J[IXzHB0J[O	J[O�D9Ò9I�J�Ø¡ORÁCI�ÃlÄ¦EHIKJMORÁ�D�O�TZQSECQFO	G=B�QNJ�J
DFE�Ç�ÃlÄlÒ9Á`OMJRQ9WCB0G=I|Ù1DFB�I�Ú6D9J[ORI�T�Î`À°Q�D|ÜNQ9Ä©T�ORÁCÄ©JgY@I�Á�D|Ü`ÄlQ9WHB~DFE�T¬ÒND9Ä¦E¬ÄlEpI�pG�Ä¦IKEHG=Ç¬D
ÅCBRIKÅCB�Q�G�IKJ�J�Ó�G�D9Ã¦ÃlIKT�� 3"<>? <��H;I?iÓCÄlJ	TCQ9ECISÈ XCÉgÊ¾É~Ë9ÌZÓdX�Y@IKË�×�D|ÍbÓZÄ¦E«Ú	ÁCÄ©G0Á'O�ÁCI�Å�Q�ÚMI�B6Ä©J
G�D9J[O$Æ¡B�Q9Â ORÁCI�J[QNWCB�G�I6ÅHD�O0G0ÁCIKJgÄ¦EpD�ÃlQZG�D9ÃCÚMD|ÇNÎ L Æ O�I�B~ORÁHDFOKÓ9ORÁCI�Å�D�O�G0ÁHIKJ1O�ÁHD�O~ÁHD|Ü9I
BRI�G=I�ÄlÜ9I�T)JRQ9ÂSI~Å@Q�ÚMI�B-Ú	Ä¦ÃlÃZY�IMO�ÁCI~EHI�Ú JRQ9WHB�G�IKJ°Ä¦EHJ[ORI�D9T�QFÆCO�ÁCI6Q9B�Ä¦ÒNÄ¦EHD9ÃNQNECIKJKÎ�Ê�Q9ORI
ORÁHDFOgD�Æ ORIKB1ORÁHÄlJ1ÅHBRIKÅCBRQZG�IKJ�J²O�ÁCI�Å@Q�Ú~IKB�ORQ�Y@I�I�ÂSÄ¦O[ORI�T�ÄlJ1ÂSQNBRI6Ú	Ä©TZI�ÃlÇ�TZÄ©J[ORB�Ä¦YCWCORIKTªÓ
TZIKG�BRI�D9JRÄ¦ECÒ)ORÁCI�Ä¦EHÄsO�ÄlD9Ã@Ú6D9J[ORI�Ä¦E'Ò9ÃlQ9YHD9Ã�ÃlÄ¦EHIKJMDFEHTpORÁ�WHJ~Y�I�G=Q9ÂSÄlECÒ�ORÁCI�Â�WCÃ¦ORÄ¨ÅHDFORÁ
Â�I�ORÁCQZT«Â�W�G0Á«ÂSQNBRI�I�pG=ÄlI�E`O�Î

L G=QNÂ�Å�DFB�ÄlJRQ9E�QFÆ�ORÁHIgÂ�WHÃsO�Ä9ÅHDFORÁ)ÂSI=O�ÁCQZT�DFÒ`DFÄlEHJPO�O�ÁCIgG�ÃlDNJRJRÄlG¾Ø¡ÃlQ�GKDFÃ Ù¨ÂSI=O�ÁCQZTCJ
G�DFE«Y@I�Æ¡Q9WCEHT«ÄlE È X�Y@IKË�×|YZÍ²D9EHTäÈ XCÉgÊ¾É~Ë9Ì�ÍbÎ

����� ����2����+')�&�H'��$#��12$* �+*-��� #1����� #��k2���*J� ,I'��k�(2���� �"! �+*��O��2��(�
À6ÁCI�B�I)DFB�I)J[IKÜ9IKB�D9Ã�Â�I�ORÁCQZTCJ�ORQ¬ÒNI�ECIKB�DFORI�D¬WCECÄ¦Æ¡Q9B�Â TCI�EHJRÄsOPÇ«QFÆ�ÃlÄ¦ECI�J�ÄlE<D¬JRG�I�ECINÎ
À6ÁCI¬Ò9WCÄ©TZIKÃ¦ÄlECI¬Ä©J�ORÁHDFO�ORÁCI¬ÃlÄlECI'TZIKEHJ[Ä¦OPÇ<ÁHDNJ�ORQ<G�Q9B�BRI�J[Å@Q9E�T�ORQ�O�ÁCISÆ¡Q9B�Â ÆÐDNG>O�Q9B
TZI�EHJRÄ¦OPÇ9Ó�O�ÁCI¬Ä¦E`O�I�Ò9B0DFE�T<QFÆ�ØÐé`Ù�Q9BpØ¡ê�Ù�Ú	ÄsO�ÁCQ9WCO�ORÁCI¬Ü�Ä©J[ÄlYCÄlÃ¦Ä¦OPÇ�Æ¡WCEHG=ORÄlQ9EªÎ°Ê�Q�Ú ÚMI
Ú	Ä¦ÃlÃ²G=QNÂSÂ�IKE`O	JRQ9ÂSI�QFÆ-ORÁHI�Â È X�Y@IKË�×|YªÓdXZDFE¨×�ÌZÓdX�Q9Ã¡×�
�Í E

 % ���+,I����* ,I��2�����'��O����2~�&���+2}�!�O�+/�2����12$*	�"� ����,I�+�
Ï}EâÈ XZD9E@×�Ì|Í�Ä¦O	ÄlJ	JRÁCQ�Ú	EpO�ÁHD�O�D�TZI�E�J[Ä¦OPÇ¬QFÆ-Ò9ÃlQ9YHD9Ã�ÃlÄ¦EHIKJMÄ¦E`O�I�B0J[I�G>ORÄlECÒSD�G�Q9E�Ü9I�ë
Y�QZTZÇ�Ä©J�Ò9ÄlÜ9IKE<Y�Ç qsr6t=ucqsr6t=u vxEy aib�acb Y Ó¨Ú	ÁCI�B�I ]H[\] Y DFB�I)O�ÁCI¬DFECÒNÃ¦I�J�Q9Æ$ORÁCISÄlE`ORI�BRæ
J[I�G>O�Ä¦ECÒ�ÃlÄlECI¬Ú	ÄsO�ÁäORÁCI¬EHQ9B�ÂSD9ÃlJ�ÄlEâORÁCI¬ÄlE`ORIKB�JRIKG=ORÄlECÒ�Å�QNÄ¦E`O0J�Ó acb [ acb Y D9BRISO�ÁCI
DFB�IKDpTCÄsÑ¨I�B�I�E`ORÄ©DFÃ©J�Ä¦EãORÁCISJ�DFÂSI�Å@Q9ÄlE`O�J�DFEHT _ ÄlJ¾ORÁHI�ÃlI�ECÒ9ORÁåQFÆ$O�ÁCI�G0ÁHQ9B0T�ÎHÏbÆORÁCI«G=QNE`ÜNI=ëäY�QZTZÇäÄ©J�DåJ[ÅCÁHI�B�IãØÐJRI�I«A°ÄlÒHÎ°êND`Ù>Ó°ORÁCI«TZI�EHJRÄ¦OPÇåY@IKG�Q9ÂSIKJ�J[ÄlÂSÅCÃlÇ



ØÐJ�D|Ü9I)DpG�Q9EHJ[O�D9E`O�ÆÐD9G=ORQ9B>Ù acb�aib Y Î¨À6ÁHD�O�ÄlJKÓHO0DFÛ�ÄlECÒpÅHD9Ä¦B0J	QFÆ1WCEHÄsÆ¡QNBRÂ B0DFEHTZQNÂ
Å�QNÄ¦E`O0J	Q9EVORÁCI)JRÅCÁCIKBRI�JRWCBRÆÐD9G=I�ÚMI�Q9YZO0DFÄlE«D�Ò9ÃlQ9Y�DFÃ�WCECÄ¦Æ¡Q9B�Â TZIKEHJRÄsOPÇVQFÆ°ÃlÄlECIKJKÎ

r

R R

x xi j
θ θ

N
N i

jr/2

P1

P2

P3

P4

¤ q ¥ ¤  �¥
����� ���@� �),��&U ,%$� #%< B@,�< � / 2 $ 3-7=.5#%< � ,%2�.0B�#87 � #�2 $&�B�#�$ , BB�':(0.5(O�����&U ,%$�!#�< B0,%<�� / 2 $ 3
��B�2 $ 3 / 2 $ (0B�70. #%< &�:( ;;, / / BG2 $ , ?=#�$�D%(�����#���$��2 $�3 �=#��

 �O��2��(��*:,=�+')������� � #+#�����*-���8�+2
	���� �O�+/�2�����2 * �O��
áåISG�D9E�ORB0DFE�JPÆ¡QNBRÂ ORÁCI�TZI�E�J[Ä¦OPÇ�Ä¦EâDNÙ	ÄlE`ORQ«G=QNJ�] a � Ø^J[IKI�àCÎ d|Ù>Î¨À6ÁCÄlJ�ECIKÚ§I=ë�æ
ÅCB�IKJ�J[ÄlQ9E Â�I�DFEHJ�O�ÁHD�O¬O0DFÛ�ÄlECÒâDâWCEHÄsÆ¡QNBRÂ/B0DFE�TZQ9Â/Å@Q9ÄlE`O¬Q9E ORÁCI<JRWCBRÆÐD9G=I«QFÆ
ORÁCIpG�Q9E�Ü9I�ë<Y�QNWCEHTZÄlECÒ�Y@Q|ëåDFE�TåD�G�QNJRÄ¦E�WHJ�ÚMI�ÄlÒ9Á`ORI�TãWCEHÄsÆ¡QNBRÂSÃlÇãTZÄ©JPO�BRÄlYCWZO�IKT
TZÄlBRI�G>ORÄlQ9EäØÐA-ÄlÒHÎZêNY�Ù~Ú~I�Q9YCO�DFÄlEVORÁCI)J�DFÂSI�Ò9ÃlQ9YHD9Ã@WHECÄsÆ¡QNBRÂ TZI�EHJRÄ¦OPÇpQFÆ-Ã¦ÄlECIKJ¾D9J
Ä¦EåDNÙ>Î¨X�ÄlEHG=I�ORÁCÄ©J¾B�IKJRWCÃ¦O¾Ä©J�Ü�DFÃlÄlT«Æ¡QNB�D9E`Ç�G=QNE�Ü9I=ë«Y�QNWCEHTZÄlECÒpY@Q|ë�ÓHÄ¦O�Ä©J�WHJRI=Æ¡WHÃ
ORQ¬WHJRI�ORÁCI�Y@Q9WHEHTZÄlECÒ¬Y�Q|ëVQFÆ²O�ÁCI)J�G=I�EHIpØ¡Ä¦Æ�G�Q9E�Ü9I�ëCÙ$ORQ¬ÒNI�ECIKB�DFORI�ORÁCI�ÃlÄlECIKJKÎ
L E�D9TZÜ�DFE`O0DFÒ9I~QFÆHGKD9J[ORÄlECÒ�O�ÁCI~ÃlÄlECIKJ°Æ¡B�Q9Â4ORÁCIMÚ6DFÃlÃlJ°Ä¦E�Æ¡BRQNE`O°QFÆ�WHJ[ÄlECÒ�D�Y@Q9WCE�T�æ
Ä¦EHÒ'J[ÅHÁCI�B�I�ÄlJ	ORÁHDFO�ECQ¬ÃlÄ¦EHIKJ¾D9BRI�Ú6D9J[ORI�T�ÓHY@IKGKDFWHJRI)DFÃlÃ�ORÁHI�ÃlÄ¦ECI�J	ÄlENO�I�B0J[I�G>O�O�ÁCI
JRG�I�ECINÎ

 ! ���%��'�/�'��8�+,��=#1�+�
áåI	J�DFÂSÅCÃlIMD�WCECÄ¦Æ¡Q9B�Â�B0DFEHTCQ9Â³Å�QNÄ¦E`O1Q9E�ORÁCI	JRWCBRÆÐD9G=IMQFÆHORÁCI6Y@Q9WCEHTCÄ¦ECÒ�JRÅCÁCIKBRI
Ø¡ÄlE'ÆÐDNG>O�ÓNO�ÁCÄ©J~Ä©J~ORÁCI�J�DFÂSI�DNJ6JRD9Â�ÅHÃ¦ÄlECÒ�D�WCECÄ¦Æ¡Q9B�Â B0DFEHTZQNÂ TZÄ¦B�IKG=ORÄlQ9E�Ù=ÎZÀ6ÁCI�E
Ú~IpO�DFÛNISORÁCIVG=ÄlB�G�Ã¦I¬QNB[O�ÁCQ9ÒNQ9EHD9Ã°O�Q�ORÁHÄlJ�TZÄ¦B�IKG=ORÄlQ9EâORÁ�D�O�G�Q9E`O�D9Ä¦E�J�ORÁCI«G=I�E`O�BRI
QFÆ1O�ÁCI�JRÅCÁCIKBRI«Ø ORÁ�D�O�Ä©JKÓ@D¬Â¬DFë�ÄlÂ�WHÂ G�Ä¦B0G=ÃlI�Ù=Î@A-ÄlEHDFÃlÃlÇ9ÓHÚMI�J�DFÂSÅCÃlI�D'WCECÄ¦Æ¡Q9B�Â
B�D9EHTZQNÂ Å@Q9ÄlE`O�QNE�ORÁCÄ©J�G=ÄlB�G�Ã¦INÎ�á®Ä¦ORÁãORÁCÄ©J¾Å@Q9ÄlE`O�D9EHT�O�ÁCI�TZÄlB�IKG>O�Ä¦QNEªÓ@Ú~I�ÁHD|Ü9I
ORÁCIMÒ9ÃlQ9Y�DFÃ9ÃlÄlECI�Ø^A-Ä¦Ò�Î�Õ9DNÙ=Î�Ê¾QFORIgORÁHDFO°O�ÁCÄ©J°Ä©J-IKß`WCÄlÜ�DFÃlI�E`O²O�Q�JRI�ÃlIKG>O�Ä¦EHÒ�D	O0DFECÒNI�E`O
ÅCÃ©DFECI<Ø¡ORÁ�WHJ�D«Å@Q9ÄlE`O�Ä¦EâO�ÁCI'JRÅCÁCI�B�I�Ù�D9EHTäD�Å�QNÄ¦E`O)ÄlEäORÁCI¬ÅCB�Q:oPI�G>O�Ä¦QNEåQ9ÆMO�ÁCI
J[ÅHÁCI�B�I�Q9E`ORQ�ORÁHI�ÅCÃlD9ECI9Î

 �p�H2 *+�(2~� �$#���2��(��� � /�2��$#1�(����* � ��,I� #�#1��# #1�12��(�
L ÃlDNJPO	Ú6D|ÇSORQSÒ9I�O	B�D9EHTZQ9Â ÃlÄlECIKJ6Ä©J6WHJRÄ¦ECÒ�O0DFECÒNI�E`O	ÅCÃlD9ECIKJKÎ�áåI�Â�WHJ[O	J�DFÂSÅCÃlI
O�D9ECÒ9IKENO�ÅCÃ©DFEHIKJ�ORQ�O�ÁCIpJRÅCÁCI�B�I9ÎªÀ°Q�TZQ�ORÁHÄlJKÓªÚMISJ�DFÂSÅCÃlI¬D«WCECÄ¦Æ¡Q9B�Â�B0DFEHTZQNÂ
Å�QNÄ¦E`OSQ9E O�ÁCIVJRWCBRÆÐD9G�I'QFÆ	O�ÁCI�J[ÅCÁHI�B�I9Ó�DFEHTäO�ÁCI�E Ú~I«G=QNEHJPO�BRW�G>O�O�ÁCIpO0DFECÒNI�E`O
ÅCÃ©DFECIäD�OVORÁCÄ©J«Å�QNÄ¦E`OKÎ�AHQ9B«I�ÜNI�B�Ç ÅCÃ©DFEHIåÚMIåGKD9J[O«YCWHEHTZÃlIKJ«QFÆ)ÅHD9B�D9Ã¦ÃlI�Ã�ÃlÄ¦ECI�J
Q9BRORÁCQNÒ9QNEHDFÃ²ORQpO�ÁCISÅCÃ©DFECI«ØÐA-Ä¦Ò�ÎªÕ�Y�Ù=Î¨Ê¾QFO�I�O�ÁHD�O�ÁCI�B�I�ORÁCI�Â¬DFÄlEãÅ@Q9ÄlENO�Ä©J¾O�ÁCI
WHJRI9Ó¨Æ¡Q9B�I�D9G0ÁåJ�DFÂSÅCÃlIKTåTZÄlBRI�G>ORÄlQ9E²Ó@Q9Æ~YCWHEHTZÃlIKJ�QFÆ~ÅHDFB0DFÃlÃ¦IKÃ�Ã¦ÄlECIKJ�ÄlEHJ[ORIKDNTãQ9Æ~D



P

A

¤ q ¥ ¤  �¥
����� ���H�3�),���U ,%$� #%< B0,%<�� / 2 $�3 � B�2 $ 3 < ,��%2 <N��< ?@2 .5?�/ ()������U ,%$�!#�< B0,%<�� / 2 $�3 � B�2 $ 3
&A,�$�3 (0$&�� /1,%$ (0B

J[ÄlECÒNÃ¦I�ÃlÄ¦ECI�ÃlÄ¦ÛNI�Ä¦E«ORÁHI�ÅHBRIKÜ`ÄlQ9W�JMGKD9JRI9ÎCÀ°Q�D|ÜNQ9Ä©TpÃlÄ¦EHIKJ	DFÃlÚ6D|Ç�JMÅHDNJRJRÄlECÒ�Y�Ç¬O�ÁCI
G=IKENO�I�B	Q9Æ°O�ÁCI)JRG�I�ECINÓ�ORÁCI�ÅHÃlD9ECI�ÄlJ	B0DFE�TZQ9ÂSÃlÇ oPÄsORORI�B�IKTªÎ
À6ÁCÄ©J�ORI�G0ÁCECÄ©ßNWHIMQ9Ñ@IKB�J1JRI�ÜNI�B0DFÃ�Å@QNJ�J[ÄlYCÄlÃ¦Ä¦ORÄlIKJKÎ L ESÄlÂ�Å@Q9BRO�D9E`O$Å�QNÄ¦E`O�ORQ)G�Q9EHJRÄlTCI�B
ÄlJMO�ÁCI�YHD9ÃlD9EHG=I�Y�I�OPÚ~IKI�EVORÁCI�E�WCÂ�Y�IKB	QFÆ-TCÄ¦B�IKG=ORÄlQ9EHJ	D9EHTpO�ÁCI�E�WCÂ�Y@I�B	Q9Æ°ÃlÄ¦ECI�J
Å�IKB�TZÄlBRI�G>O�Ä¦QNEªÎ;C�EãO�ÁCI¬QFO�ÁCI�B�Á�DFEHT�Ó¨O�ÁCI¬ÄlENO�I�B0J[I�G>O�Ä¦QNEåQ9ÆgORÁHI¬Ã¦ÄlECIKJ)Ú	ÄsO�ÁåO�ÁCI
JRG�I�ECI)GKDFE«Y�I)DNG�G�I�ÃlI�B0D�ORI�T'ÄlE�J[QNÂSI�Ú6D|ÇZJ�Ó`Æ¡QNB�Ä¦E�JPO0DFEHG�I�Y�Ç«DFÅCÅCÃlÇ�Ä¦EHÒ���æiYHWZÑ@IKB
ORI�G0ÁCECÄ©ßNWHIKJKÎ

 �� ��2 /�2���* �-,I' ���(2���� ���1�(�i�
À²QåI�EHT ORÁCÄ©JSJ[I�G>ORÄlQ9EçÚ~IVÅCBRI�J[IKE`O�DãG�Q9WCÅCÃlI'Q9Æ�Ò9IKECI�B0D�O�Ä¦QNEäORIKG0ÁHECÄlß`WCI�J)O�ÁHD�O�Ó
DFÃ¦ORÁCQNWCÒ9Á O�ÁCI�Ç®JRI�IKÂ O�Q3Y@IãWCECÄ¦Æ¡Q9B�Â�ÓgO�ÁCI�Ç®D9BRI�ECQ9OKÎ6À6ÁCI�z�B�J[O'Q9EHIãÄ©JpWHJ[æ
Ä¦EHÒ«Å�DFÄlB�J�Q9Æ~WCECÄ¦Æ¡Q9B�Â B0DFEHTCQ9Â Å@Q9ÄlE`O�J�Æ¡B�Q9Â;O�ÁCIpJ[WHB[ÆÐDNG=ISQFÆ6D�K~;IK <�����BG3>9 �E5	�
G=QNE`ÜNI=ëçY@Q9WHEHTZÄlECÒ3Ü9QNÃ¦WHÂ�I3Ø^A-Ä¦Ò�ÎgÌ9D`Ù>Ó1O�Á`W�JpÄ¦OVDFÂSQ9WHENO0JSORQäO0DFÛNI<D TZI�EHJRÄ¦OPÇ
ÅCB�Q9Å@Q9BRORÄlQ9EHD9Ã$ORQ aib�acb Y Î D~WCO�ORÁHÄlJSTZIKEHJ[Ä¦OPÇäÄlJ�ÄlEHG=QNBRB�IKG=O�Ä¦EçÒ9I�EHI�B0DFÃgY@IKGKDFWHJRI
ORÁCI¾ÆÐD9G=ORQ9B qsr6t=ucqsr6t=u vx y Ä¦EpORÁCI�WCECÄ¦Æ¡Q9B�Â"TZIKEHJRÄsOPÇSQ9EHÃ¦Ç�Y�I�G=QNÂ�I�JgG�Q9EHJ[O�D9ENOgÆ¡Q9B$O�ÁCI
J[ÅHÁCI�B�I9ÓFDNJ1J[IKI�E�Ä¦E�ORÁHI zHB�J[O1Å�QNÄ¦E`O�Î9Ô	I�ÂSIKÂ�Y@I�B1ÁCIKBRIMORÁ�D�O$ÄlE�O�ÁCI�JRIKG=QNEHT�Å�QNÄ¦E`O
Ú~I�O�Q`QNÛVD�Å@Q9ÄlENO�D9EHT�D�TCÄ¦B�IKG=ORÄlQ9E«Ä¦EHJ[ORI�D9T«QFÆ°OPÚ~QSÅ@Q9ÄlE`O�JKÎ
À6ÁCIåJRIKG�Q9EHT Q9ECIåÄlJVWHJRÄ¦ECÒ3OPÚ~Q ÅHDFB0DFÃlÃ¦IKÃ¾ÅCÃ©DFEHIKJ¬O�ÁHD�O�JRWCBRB�Q9WHEHT ORÁCIâJRG�I�ECINÎ
À6Á�WHJ�Ó°ÄsÆ�ÚMIpJ�DFÂSÅCÃlIpQ9ECI¬WHECÄsÆ¡QNBRÂ B0DFEHTZQNÂ�Å@Q9ÄlE`O�Q9EäI�D9G0Á ÅCÃ©DFECINÓªO�ÁCIpÃlÄ¦ECI�J
ORÁHDFO'ÚMI�Ò9I=O'TCQ3ECQFOpÅHBRQZTZWHG�I�WCECÄ¦Æ¡Q9B�Â TCÄlJ[ORB�Ä¦YHWZORÄlQ9EªÎ~À6ÁCIãG=QNBRB�IKG=OpTZI�EHJRÄ¦OPÇ
J[ÁHQ9WCÃ©T<Y@I�ÅHBRQNÅ�QNB[O�Ä¦QNEHDFÃ²ORQ qsr6t=ucqsr6t=u vx y aib�acb Y Ó@ORÁCI�Q9EHI�O0DFÛ9IKE<Ä©J�ÅHBRQNÅ�QNB[O�Ä¦QNEHDFÃ
ORQ aib�acb Y ÎZÀ6ÁCI�B�DFORÄlQ�Ä©J~ORÁ�WHJ6ÅCB�Q9Å@Q9BRORÄlQ9EHD9ÃCO�Q qsrEt=uiqsrEt=u vx y Î�Ê¾Q�Ú�Ó`Æ¡BRQNÂèA°ÄlÒHÎZÌ9YªÓ
G=Q`J0] N®G�QNJ0] Y N � x Ó|DFEHT�ORÁCI~B�DFORÄlQ�ÄlJ°ÅCB�Q9Å@Q9BRORÄlQ9EHD9Ã�ORQ	�x�
 Î�À6ÁHÄlJ°ÂSIKDFE�J�ORÁ�D�O²Æ¡QNBOPÚ	ÄlG�I�ORÁHI�TZÄ©JPO0DFEHG�I�Ú~I)GKD9J[O�à��ÂSQ9B�I�ÃlÄ¦ECI�J	O�ÁHDFE�ECI�G=IKJ�J�DFB�Ç9ÎZÏ}E�QFO�ÁCI�B¾Ú~QNB�TCJKÓ
Â�WHG0ÁVÂSQ9B�I¾ÃlÄ¦ECI�J6DFB�I�G�DNJPOMÄ¦EVQ9YCÃlÄ©G=WCQNWHJ~TCÄ¦B�IKG=ORÄlQ9EHJ~ORÁ�D�O6Ä¦EVQ9BRORÁCQNÒ9Q9E�DFÃCQNECIKJKÎ

����� ��/��������W! �+2~�&��� ��,6#1� #1�� ���1� ��,I� � ��2 �8!$����'�� #1��2 *
À6ÁCI¾Â¬DFÄlEpÄ©TZIKD)QFÆªWHJRÄ¦EHÒ�ß`WHD9JRÄsæ}U�QNENO�I�LMDFB�Ã¦Q�Ã¦Q�Ú®TZÄ©JRG�BRIKÅHDFE�G=Ç�J�DFÂSÅCÃlÄlECÒ)Ä©J$O�Q�B�I=æ
TZWHG=I�ORÁCI�TZÄlJ�G=B�I�Å�DFEHG�Ç�QFÆ¨O�ÁCI�JRI=O0J$QFÆ�Å@Q9ÄlE`O�JKÎ9Ï}E`ORWCÄ¦ORÄlÜ9IKÃ¦ÇNÓNÚMI�G�D9EpJ[IKI	ORÁHI�TZÄ©JRG�BRIKÅZæ



d

θ

r

Q

Q'¤ q ¥ ¤  �¥
����� ���H���),���� ,%< � / 2�$�3 / 2 $ (0B-70.5#�< � ,%2�.0B # 7�� #%2 $'&�B #�$ ,���#���$�%2 $�3P��# �A; (N # $ #%&;3 (0&N,
��$'2 7�#%.=< %2 B�&�.=2B����&�24#%$��:�����N,%. , / / (@/Q� /1,%$ (0B

DFEHG�Ç�DNJgD�ÂSIKDNJ[WHBRI	Q9ÆªÁCQ�Ú ÆÐDFBgÄ©JgD�J[I�OgQFÆªÅ@Q9ÄlE`O�J1Æ¡B�Q9Â ORÁHI¾WCECÄ¦Æ¡Q9B�Â TZÄ©JPO�BRÄlYCWZO�Ä¦QNEªÎ
L ÂSQ9B�I6Æ¡Q9B�ÂSD9ÃHDFE�TSI=ë�ORIKEHJ[ÄlÜ9I�TCI zHECÄ¦ORÄlQ9E¬Q9ÆªTZÄlJ�G=B�I�Å�DFEHG�Ç�G�D9ESY�I�J[IKI�ESÄ¦E<È Ê�ÄlIKË`à|ÍbÎ
ÏbÆ-ÚMI�Ã¦Q�QNÛ'D�O¾A-ÄlÒHÎ@×�ÚMI)G�DFE�JRI�I�Q9E«O�ÁCI�Ã¦I�Æ O�DSJ[I�O�QFÆ d&nin8nSà��§Å@Q9ÄlE`O�J	ÒNI�ECIKB�DFORIKT
Ú	ÄsO�ÁVD�JRÄlÂ�ÅHÃ¦I�U�Q9E`ORI�LMDFB�Ã¦Q�Ò9I�EHI�B0D�ORQNBKÓNÚ	ÁCÄlÃ¦I�Q9E¬O�ÁCI�B�ÄlÒ9Á`OMJRÄlTCI�ORÁHI�Å@Q9ÄlE`O�J~ÁHD|Ü9I
Y�IKI�E�Ò9IKECI�B0D�O�IKTVWHJ[ÄlECÒ¬DSß`WHD9JRÄsæ}U�QNENO�I�LMD9BRÃlQSÒ9IKECI�B0D�O�Q9B�ÎNáâI)G�D9E«I�D9JRÄ¦ÃlÇpJRI�I�ORÁ�D�O
ORÁCISÅ@Q9ÄlENO0J�Q9EãORÁCISB�Ä¦ÒNÁNO�DFB�ISG=ÃlQNJRI�B�ORQ«ORÁCISWCEHÄsÆ¡QNBRÂ�TCÄlJ[ORB�Ä¦YHWZORÄlQ9EãORÁHDFO�O�ÁCI¬Q9EHIKJ
Q9EâORÁCI¬ÃlI=Æ O�J[Ä©TZI9Î²ÏbO�J[IKI�Â¬J�ORÁHDFO)ORÁHI¬Å�QNÄ¦E`O�J)Q9EåORÁCIpB�ÄlÒ9Á`O�ÁHD|Ü9ISY@I�I�EäÒNI�ECIKB�DFORIKT
�PORB�Ç�Ä¦EHÒ�O�Q�zHÃ¦Ã�IKÂSÅZOPÇVJRÅHD9G�IKJ �CÎ�Ï}E«ORÁCÄ©J	G�DNJ[I�ÚMI�WHJ[W�DFÃlÃ¦Ç¬O0DFÃlÛpQFÆ-Ã¦Q�Ú4TZÄ©JRG�BRIKÅHDFEHG�Ç
J[I�ßNWHI�EHG�IKJ�Ø¡Ã©TCJ0ÙMQFÆ�Å�QNÄ¦E`O0J�Î

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

"01"

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

"21"

¤ q ¥ ¤  Z¥
����� �	�C� �),��G"�#%$'&)( *-,%.0/1# .5,%$�!#%< B0,%< � / 2 $�3 ��G	
�
�
 � #%2 $&�B+�C������ �',%B�2 I "�#%$'&)( *-,%.0/1#9/1#�;
�2 B0?@.�(�� ,%$ ?�� B0,%<�� / 2 $�3P�:G�
�
�
 J6I�%2 <+(0$'B�24#%$ ,%/��9, / &A#%$�� #%2 $'&�B	�/��B�2 $�3 ,%B ��,%B�2 B J ,%$��KW�

À6ÁCI�ß�UåL Ã¦Q�Ú TZÄ©J�G=B�I�ÅHD9EHG=Ç¬J�DFÂSÅCÃlÄ¦ECÒ�ÅCB�QZTZWHG=I�J~JRIKß`WCIKEHG=I�JMQFÆ²Û`æ}TZÄ¦ÂSIKEHJ[ÄlQ9E�DFÃ
Å�QNÄ¦E`O�J$ORÁHDFOgÄlESÆÐD9G>OMDFB�I	Q9YZO0DFÄlECIKTSÄlEpD�TZI=O�I�B�ÂSÄ¦ECÄ©J[ORÄ©G)Ø O�ÁHD�OMÄlJKÓFECQNEZæiB0DFE�TZQ9ÂpÙ-Ú6D|Ç9Î
À6ÁCI�B�IpI=ëZÄ©JPO0J�D�ÃlQFO�QFÆ�TZÄ¦Ñ@IKBRIKENOSß�UåL J[I�ßNWHI�EHG�IKJ%E°Ý¾D9ÃsO�Q9EªÓ�X�Q9Y@Q9ÃiÓ°Ê¾Ä¦I�TZI�B�B�I�Ä¦ORI�B�Ó
Ý¾DFÂSÂSI�B0JRÃ¦IKÇ«D9EHT�QFO�ÁCI�B0JKÎ¨X�QNÂSI�QFÆ1O�ÁCI�Â D9BRI�TZIKJ�G=B�Ä¦Y@IKT<Ú	ÄsO�ÁåTZI�O�DFÄlÃ-Ä¦EçÈ Ê�ÄlIKË`à|ÍbÎ



C�EåO�ÁCI¬QFO�ÁCI�B�ÁHDFEHTªÓ�ORÁCI�J[IpJRIKß`WCIKEHG=I�J�ÁHD|Ü9ISY@I�IKE3DFÅCÅCÃlÄlIKTåORQ�O�ÁCIpU�Q9E`O�IVLMDFB�Ã¦Q
Â�I�ORÁCQZTCJ�Æ¡QNBSB�DNTZÄ¦Q`J[Ä¦OPÇäY�Ç3J[IKÜ9I�B0DFÃMDFWZO�ÁCQ9B0JKÓ-QNYZO�D9Ä¦EHÄ¦ECÒâÄlEçÒ9IKECI�B0DFÃ	J�D�O�ÄlJ[ÆÐD9G=ORQ9B�Ç
BRI�J[WCÃ¦O�JKÎCÊ�Q�Ú Ú~I�B�I�Ü�ÄlI�Ú JRQ9ÂSI�QFÆ-ORÁHI�Â6E

È Ö�IKÃlËNÌFY`Í¨D9ÅCÅCÃlÄ¦I�J~ß�UåLçO�IKG0ÁCEHÄlß`WCI�J$O�Q�ORÁCI�G=QNÂSÅCWZO�DFORÄlQ9E¬Q9Æ�ORÁCI�B�DNTZÄlQNJRÄsO�Ä¦I�J1Y�Ç
WHJ[ÄlECÒ'DVß`WHD9JRÄsæ}Ô�D9EHTZQ9Â áâD9Ã¦Û¨Ó@Q9YZO0DFÄlECÄlECÒ'D¬ECQ9ORÄ©G=I�DFYCÃlI�ÄlÂSÅCBRQ�ÜNI�ÂSI�E`O�Ú	Ä¦ORÁãÝ�DFÃ¦æ
ORQ9ESJRIKß`WCI�E�G=IKJKÎ|À6ÁCÄlJ1ß`WHDNJ[Ä¦æ}Ô�DFEHTCQ9Â³áâD9Ã¦Û�W�J[I�J1DFE�I�ß`WHDFÃZDFY�J[QNBRÅZO�Ä¦QNE)ÅCB�Q9YHD9YCÄlÃ¦Ä¦OPÇ
Æ¡Q9B�D9Ã¦Ã~ÅHD�O0G0ÁCIKJKÓ�ORÁ�WHJ�DFÃlÃgÅHDFO�G0ÁCI�J)DFB�I¬QFÆMORÁHIVJ�DFÂSI¬Ã¦IKECÒFO�ÁªÎ²Ï}E È Ê¾Ê D6Ë`×KÍ6D�ECI�Ú
DFÃlÒ9Q9B�Ä¦ORÁCÂ�ÄlJ¾ÅCB�IKJRI�E`ORI�T«ORÁHDFO�WHJRIKJ�J[I�O�J¾QFÆ$B0D|Ç�J�Ø¡ÚMI�ÃlÃ°TZÄ©JPO�BRÄlYCWZO�IKTãB�D|Ç«J[I�O�J0Ù�G=QNEZæ
JPO�BRWHG=ORI�T<Æ¡B�Q9Â�Ý�DFÃ¦ORQNEãE�WCÂ�Y@I�B0J�DFE�T<ÄlÂ�Å@Q9BRO�D9EHG=I¬J�DFÂSÅCÃlÄ¦EHÒHÎ�À6ÁCÄ©J�DFÃlÒ9Q9B�Ä¦ORÁCÂ;Ä©J
J[WCÄ¦O�D9YCÃlI¾Æ¡QNBMG�Q9ÂSÅCÃlI=ëpJRG�I�ECI�J�Ó`ÄlE'Ú	ÁCÄ©G0Á'Ò`DFÄlEHJ$Q9Æ²ÁHDFÃ¦Æ°D9EpQ9B0TZI�BMQFÆªÂ¬D9Ò9ECÄ¦ORWHTCI�D9BRI
Q9YZO0DFÄlECIKT�ÎZÏ}E È XZÖ�A�Ê�LMË�×KÍ°Ý¾D9ÂSÂ�IKB�JRÃlI�ÇpDFE�T«J�G=B0DFÂ�YCÃlIKT'Ý�DFÂSÂSI�B0J[ÃlI�ÇVJ[I�ßNWHI�EHG�IKJ
Ú~IKBRI�WHJRIKT ÄlE®G=Q9Â�YCÄlEHD�O�Ä¦QNE Ú	Ä¦ORÁ O�ÁCI�ORB0DFE�J[ÄlÃ¦ÃlWCÂSÄlEHD�O�Ä¦QNE ÂSI�ORÁCQZT ORQ3JRQ9ÃlÜ9I�O�ÁCI
B�DNTZÄ¦Q`J[Ä¦OPÇ¬ÅCB�Q9YCÃlI�Â�Î

C�EäORÁCIVQFORÁHI�B�Á�DFEHT�Ó°Ú~IVG�DFE3JRI�IVÄ¦E È Ö�I�Ã©Ë9ÌND�Í6D9E3DFÅCÅHÃ¦Ä©G�DFORÄlQ9E QFÆ�Ã©TCJ)ORQ<O�ÁCI
G=Q9ÂSÅCWCO�D�O�Ä¦QNE'Q9ÆªÆ¡Q9B�ÂÞÆÐD9G=ORQ9B0JKÓ`ÒNI=ORORÄlECÒ�D9EVJRÅ�IKIKT�æbWCÅVQFÆ°ÂSQNBRI¾ORÁHD9EVÁHD9ÃsÆ-DFE'QNB�TCI�B
QFÆCÂ¬DFÒNECÄsO�WHTZINÎ|Ý¾I�B�I9Ó|Ý¾D9ÃsO�Q9E�D9EHT)Ý¾D9ÂSÂ�IKB�JRÃlI�Ç�J[I�ßNWHI�EHG�IKJ-DFB�IgDFÅCÅHÃ¦ÄlIKT�Ó|QNYZO�D9Ä¦ECÄlECÒ
J[ÄlÂSÄ¦Ã©DFB6TZÄ©JRG�BRIKÅHDFEHG�Ä¦I�J$Ú	Ä¦ORÁVY�Q9ORÁªÎ L TZÄsÑ¨I�B�I�E`O6DFÅCÅCB�QNDNG0Á¬ÄlJ~ÅCB�IKJRI�E`ORI�T¬ÄlEåÈ Ö�I�Ã©Ë`×KÍbÎ
À6ÁCI	JRG�I�ECIMÄlJ�EHQFO1TZÄlJ�G=B�I=O�Ä �KIKT�Ä¦E�ÅHD�O0G0ÁCIKJKÎ�À6ÁCÄ©J�Â�I�ORÁCQZT�ÄlJ�QNYZO�D9Ä¦EHIKT�TCÄ¦B�IKG=ORÃlÇ�Æ¡BRQNÂ
ORÁCI�B0D9TZÄ©DFE�G=I�IKß`WHD�O�Ä¦QNE«D9EHT�DFÅCÅHÃ¦ÄlIKJ�oPÄ¦O[O�I�B�IKT«Ã¦Q�Ú4TZÄ©JRG�BRIKÅHDFEHG�ÇpJRD9ÂSÅCÃ¦ÄlECÒ�Î

Ê�I=ë�O$ÚMI	Ú	Ä¦ÃlÃ�J[ORW�TZÇ�ÁCQ�Ú ORÁHI¾TZÄ¦Ñ@IKBRIKENOgß�UåLçJRIKß`WCI�E�G=IKJgDFÅCÅCÃlÄlIKT�ORQ�O�ÁCI�Ò9ÃlQ9Y�DFÃ
Ã¦ÄlECI�Ò9IKECI�B0D�O�Ä¦QNEVGKDFE«Ä¦ÂSÅCB�Q�Ü9I�ORÁCI�Â�WCÃ¦ORÄªÅHDFORÁ�ÂSI=O�ÁCQZT�Î

� �������[¿R½��-¸Z¿[ºg· º	��
6¼�� ��¿��� ºg·~¸0������¹��Pº��}�²·-�²¹��-¸�ºg¹H� ¸Zº"¸��-�
� ¼��}¸C¿����-¸���� ��¸���º	»

Ï}E�O�ÁCI�X�IKG=OKÎFàZÎ éCÓ|ÚMI~ÁHD|ÜNIMJ[ORW�TZÄ¦I�T�TCÄsÑ¨I�B�I�E`O�ÚMD|ÇZJ²ORQ�J[ÄlÂ�WHÃlDFORI~ORÁCI6Ò9ÃlQ9Y�DFÃ`WCECÄ¦Æ¡Q9B�Â
TZI�EHJRÄ¦OPÇ«Q9Æ$Ã¦ÄlECI�J�O�ÁHD�O�Ú~I�ECI�I�T�Ä¦E<ORÁCI�Â�WCÃ¦ORÄ-ÅHDFORÁ<ÂSI=O�ÁCQZT�Î�À6ÁCI)Æ¡QNWCB�ÅCBRI�J[IKE`ORIKT
ÚMD|ÇZJ�DFB�I�ÄlEHTZI�I�T<I�ßNWHÄ¦Ü�DFÃlI�E`O�Ó�O�ÁCI�Ç<D9Ã¦Ã�ÅCB�QZTZWHG�Il? ��B <G5��mBl7iB KH<>9@?�A ;���� 9@K~B><>Î DMWZO
ORÁCI�Ä¦E`ORIKBRI�JPO�Ä¦EHÒ¬Å�QNÄ¦E`O�Ä©J	O�ÁHD�O�ORÁCIKÇ«D9BRI�IKß`WCÄlÜ|D9Ã¦IKE`O ;IK�� Al9 �! OB F(< B!" ;IK�? B�# 5I3 � ;365IK~78;�� <G5$� � � 9@K&%9Î9ÏbÆ�ÚMI�DFÅCÅCÃlÇ�ß`WHDNJ[Ä¦æ}U�Q9E`ORI�LMD9BRÃlQ�J[I�ß`WCI�EHG�IKJKÓ|ORÁCI¾BRI�J[WCÃ¦O�JgG=Q9WHÃlT
Y�ISTZÄ¦Ñ@IKBRIKENO�ÎªX�QVÚMI�Á�D|Ü9I�D9ÅCÅCÃlÄ¦I�TãJRQ9ÂSI�ß�UåL4JRIKß`WCIKEHG=I�J�O�Q'O�ÁCISTZÄsÑ¨I�B�I�E`O�ORI�G0ÁZæ
ECÄlß`WCI�J�Ó�DFEHTVÚ~I�ÁHD|ÜNI�G=Q9ÂSÅHD9BRI�T¬O�ÁCI�BRI�J[WHÃsO0J6Q9YZO0DFÄlECIKTVÚ	ÄsO�Á�IKDNG0Á'Q9EHI9Î

DMDNJ[Ä©G�D9Ã¦ÃlÇ�ÚMI�ÁHD|ÜNI¾DFÅHÅCÃ¦ÄlIKT¬Ý�DFÃ¦ORQNE'J[I�ß`WCI�EHG�IKJKÓNDNJgTZIGzHECIKTpÄ¦EãÈ É$B�IKË9ê|ÍiÎ�Ý¾D9ÃsO�Q9E
J[I�ßNWHI�EHG�IKJ�WHJRI1O�ÁCI$B�I�ÅCB�IKJRI�E`O�DFORÄlQ9E�QFÆ`ORÁHIgE�WCÂ�Y@I�B0J�ÄlE�YHD9JRÄ©J('>|[Ó�Ú	ÁCIKBRI)'>|HÄlJ°D6ÅCB�Ä¦ÂSI
E`WHÂ�Y@I�B�Î°Ï}EäÆÐDNG>OKÓ°ORÁHI�Ç DFB�I'JRIKß`WCI�E�G=IKJ�QFÆ�Û`æiORWCÅCÃlIKJKÓ²Ú	ÁHI�B�I'ÛâÄlJ�ORÁCI«TZÄlÂ�IKEHJRÄ¦QNEªÎ
X�Ä¦E�G=I�IKD9G0Á�ÃlÄlECI�EHI�IKTHJ¾êVB�D9EHTZQ9Â�Ü�DFÃlWCIKJ¾ORQ«Y@I�ÒNI�ECIKB�DFORIKTªÓ+*4N§ê�Î@À6Á�WHJKÓHO�Q'ÒNI=O
DVJRIKß`WCIKEHG=ISQFÆ~êFæiORWCÅCÃlIKJKÓ�ÚMI�Â¬DFÛNI�I�D9G0ÁâG=Q9ÂSÅ@Q9ECIKE`O�D«Ý¾D9ÃsO�Q9EäJ[I�ß`WCI�EHG�I�Ú	Ä¦ORÁäD
TZÄsÑ¨I�B�I�E`O�ÅCB�ÄlÂ�I�YHDNJ[INÎZáåI�Á�D|Ü9I�WHJRIKT'ORÁCI zHB0J[O�ê�ÅHBRÄlÂSIKJKÓZEHDFÂSI�ÃlÇVàCÓCéCÓ�Õ�DFE�T�×ZÎ

Ý¾DFÂSÂSI�B0JRÃ¦IKÇ�D9EHTãX�QNY�QNÃ1J[I�ßNWHI�EHG�IKJ�ÁHD|Ü9I�D9ÃlJRQ'Y@I�IKEãWHJRIKTªÎ@Ï}EåÒ9IKECI�B0DFÃiÓHO�ÁCIKJRI
J[I�ßNWHI�EHG�IKJ�ÁHD|ÜNI�EHQFO)ÄlÂ�ÅHBRQ�ÜNIKTãORÁCI¬B�IKJRWCÃ¦O�JKÓªYCWZO�Ó°D9J�ÚMI¬Ú	ÄlÃ¦ÃgJRI�I¬Ã©D�O�I�B�Ó�Ä¦E JRQ9ÂSI
G�D9JRIKJ6Á�D|Ü9I�ÅCBRQZTZW�G=IKT«D�Ü9IKBRÇpÒNQ�Q�TVÅ@I�BRÆ¡Q9B�ÂSD9EHG=INÎ



� � �S��¼ �P¸��
�S�� ! �(��2 #S.�/�� ,=��,O,
,I� ,

áåI$Á�D|Ü9I1WHJRIKT�ÂSIKD9E)JRß`WHD9BRI�I�B�B�Q9B$ØÐUåX�.~Ù@O�Q�IKJ[O�D9YCÃlÄlJRÁ�D	ÂSIKD9JRWCB�I�QFÆ�ORÁCIgÒ9Q�QZTZECIKJ�J
QFÆ�I�Ü9IKBRÇ¬I�JPO�Ä¦Â¬DFORÄlQ9EªÎCÀ6ÁCI)UåX�. ÄlJ	ÒNÄ¦ÜNI�E«Y�Ç¬ORÁCI�EHI=ë�O	Æ¡Q9B�Â�WCÃ©D E

��� P N�� | � |���Ø
	L�|��CLX|^Ù `
� | � | ØiÕ9Ù

Ú	ÁCI�B�I � | ÄlJMO�ÁCI�DFB�IKD�QFÆ°Å�D�O�G0Á��0Ó	L | Ä©JMORÁCI�IKJ[ORÄlÂ¬D�O�I�Ü�D9Ã¦WCI�Æ¡QNBMÄ¦O�J6B0D9TCÄ¦Q`J[Ä¦OPÇ¬DFEHTL | Ä©J�ORÁHI¬I=ëCD9G=O)Ü|D9Ã¦WHI9Î�áâIpQ9YZO0DFÄlEãO�ÁCIKJRI¬B�I=Æ¡I�B�I�E�G=ISÜ�DFÃlWCIKJ�Y�ÇãB�WCECEHÄ¦ECÒ�D«Â�WHÃsO�Ä
ÅHD�O�ÁäD9Ã¦ÒNQ9B�ÄsO�ÁCÂ ÄlE Ú	ÁCÄ©G0ÁâÚMIpG�DNJPO�O�I�EHJ)QFÆ6Â�ÄlÃlÃ¦ÄlQ9EHJ)QFÆ6Ã¦ÄlECIKJKÎ²áâI¬ÁHD|ÜNI�W�J[I�T D9J
JRG�I�ECISDVG�WCYCÄ©G�D9Ã-B�Q�Q9Â Ú	Ä¦ORÁåD'O�D9YCÃlI9Ó@Æ¡Q9WCB�G0ÁHD9Ä¦B0J�DFB�Q9WCEHT�ORÁCI�O�D9YCÃlI�D9EHTãDVG=WCY@I
Q9E<Ä¦OKÓ¨DFEHTkz�EHDFÃlÃ¦Ç�D¬ÃlÄlÒ9Á`O�JRQ9WCB0G=I�ECIKD9B	ORÁCISG=IKÄ¦ÃlÄlECÒHÎ@ACB�Q9Â�ECQ�Ú§Q9EªÓ�Ú~I�Ú	Ä¦ÃlÃ-BRI�Æ¡I�B
ORQSORÁHÄlJ	J�G=IKECI)D9J �Rê�LMÝ L ÏPÔ¾X �HÎ

áåI�Á�D|Ü9I	G=QNÂ�Å�DFB�IKTSD)JRI�B�Ä¦I�J�QFÆ�I=ëZIKG�WZORÄlQ9E�J1WHJRÄ¦ECÒ�U�Q9E`ORI�LMD9BRÃlQ�B0DFEHTZQNÂ J�DFÂ�æ
ÅCÃ¦ÄlECÒäÚ	Ä¦ORÁ$zHÜ9I<TCÄsÑ¨I�B�I�E`Opß�UåLÞO�IKG0ÁCEHÄlß`WCI�J�E$AHQ9WCB¬Q9Æ¾ORÁHI�Â G�Q9B�BRI�J[Å@Q9E�T ORQäO�ÁCI
DFÅCÅCÃlÄ©G�D�O�Ä¦QNEçQ9Æ�Ý¾D9ÃsO�Q9E J[I�ß`WCI�EHG�IKJKÓ1WHJRÄ¦ECÒ àZÓ éCÓdÕåDFEHT®×åD9J�YHD9JRÄ©J�Ó�Ú	Ä¦ORÁ ORÁCI«Æ¡QNWCB
ORIKG0ÁHECÄlß`WCI�J	J[IKI�EªÎHÏ}EVQNECI)G�DNJ[INÓ�J�DFÂSÅCÃlÄlECÒpà�Å�QNÄ¦E`O�J6QNE'O�ÁCI)JRWCB[ÆÐDNG=I�QFÆ°ORÁCI)JRÅCÁCIKBRINÓ
Ú~I�ÁHD|ÜNI�D9ÃlJRQ�Q9YZO0DFÄlECIKTVÜ9IKBRÇpÒNQ�Q�TVY@I�ÁHD|Ü�ÄlQ9WCB6WHJRÄ¦EHÒ¬XZQ9Y@Q9Ã²JRIKß`WCIKEHG=I�J�Î

�S�@� '��G!%'����&���&� �8� #�� �(��� 	%����/ ,l�+*j�&����,3,
,=� ,

� �N�����6 �� 7 B��%<�� &A#%&�24?�, / �=(�:',>D 24#���. # 7 &�:( " ����5 � ?0(0$ ( L * �&7�E�U �

"���S ����� �6��� ��� E�� L * �&7&E�U �
� �
! �#" ��t�$ �%� � � x �K�&�' � \ ! � � �
! �)(*" � ' (*" $ " ¤Ð� �*+#�6� ¥ � � x �,&
�-� ��t �/. $ �	� �)(
" ±'t �@� �p¤ ( t � � �
! ¥ � � x �10
� t32M\ � y � �-\4$g� � " ¤ ( t � � �
! ¥ � � x �5&� t ! � " ! � ' � t ! " �'¤ ( t � � �
! ¥ � � x 687

L J6Ä©J	Ú~IKÃ¦Ã�Û�ECQ�Ú	E²ÓCÄ¦E�U�QNENO�I�LMDFB�Ã¦Q�ORÁHI�I=ëZÅ�I�G>O�IKT«Ü�DFÃlWCI�QFÆ-ORÁCI�ÂSI�DFE�JRß`WHD9BRI
I�B�BRQNB$TZIKG�BRI�D9JRIKJ1D9J �9 Î`À6ÁCÄ©J$ÂSIKD9EHJ�ORÁ�D�OKÓ`Ä¦Æ¨ÚMI6O�D9Û9I�ÃlQ9Ò`DFB�ÄsO�ÁCÂ¬J�Ó|O�ÁCI�ÒNB�D9ÅCÁ¬UãX�.
Ü�JKÎ²E�WCÂ�Y�IKB)QFÆ	ÃlÄ¦EHIKJ)Â�WHJ[O�Y�I'Ã¦ÄlECIKD9B�Ú	Ä¦ORÁ3JRÃ¦QNÅ�IpæEdNÎ²À6ÁCÄ©J)Ä©J)Ä¦O�J�DNJ[Ç�ÂSÅZO�ÁCQFO�ÄlGKDFÃ
Y�IKÁHD|Ü�Ä¦QNWCBKÎ�À6ÁCIKEªÓ�Ä¦Æ�ÚMIMG�Q9EHJRÄlTCI�B1ß`WHD9JRÄsæ}U�QNENO�I6LMD9BRÃlQ�ÃlQ�ÚçTZÄ©J�G=B�I�ÅHD9EHG=Ç�J�DFÂSÅCÃlÄ¦ECÒ�Ó
Ú~I�GKDFESI=ëZÅ@IKG>OgD�Y@I=ORORIKBgY@I�ÁHD|Ü�ÄlQ9WCB�Ó�EHDFÂSIKÃ¦ÇNÓ9D�J[ÃlQ9Å@I	ÂSÄ¦EHQ9B1O�ÁHDFE�æ"d�È XZÖ�A�Ê�LMË�×�ÍbÎ
áåI�ÁHD|Ü9I�JPO�WHTZÄlIKTSO�ÁCI�DNJ[Ç�ÂSÅZO�QFORÄ©G�D9ÃHY@I�ÁHD|Ü�ÄlQ9WCB~QFÆ°UåX�.3ÄlE¬ORÁHI�J�G=IKECI¾êZLMÝ L ÏPÔ�X¨Ó
DFEHT�ORÁHI�BRI�J[WHÃsO0J$DFB�I	J[ÁCQ�ÚMIKT�ÄlEpÀ°D9YCÃ¦I d)Ø¡ORÁCIKÇ�Á�D|Ü9I6Y�IKI�EpGKDFÃ©G=WCÃ©D�O�IKT�Y�Ç�ÂSIKD9EHJ1QFÆ
Ã¦ÄlECIKD9BgB�I�ÒNBRI�JRJRÄ¦QNE�Ù>ÎFÀ6ÁHI�B�I�Ú~I¾ÁHD|Ü9I�D�B�IKJRWCÃ¦OgQFÆ�æ"d)ØÐDNJ$I�ë�Å@IKG=ORI�THÙ1ÄlE'U�QNENO�I�LMDFB�ÃlQHÓ
DFEHT�Ó�Ä¦EãÒ9I�EHI�B0DFÃiÓCÜ�DFÃlWCIKJ�J[ÃlÄ¦ÒNÁ`ORÃlÇVÃlQ�Ú~IKB	ORÁ�DFE�æ"d)ÄlE<ß`UâL�Î�Ï}EãA-ÄlÒHÎ 
¬Ú~I�ÁHD|Ü9I�O�ÁCI
Ã¦QNÒFæbÃ¦QNÒ�Ò9B0DFÅCÁ²ÓKÄlE�Ú	ÁCÄ©G0Á�ÚMI6G�DFE�Q9YHJRI�B�Ü9IgORÁCIMÃ¦Q�ÚMI�B�UãX�.åDFEHT)ORÁCI	JRÃ¦ÄlÒ9Á`O�Ã¦Ç�J[ORI�IKÅ�IKB
J[ÃlQ9Å@I)Ø¡I�ëZG�I�ÅZO~Ä¦ESO0DFECÒNI�E`OgÅCÃ©DFECI�J�ORI�G0ÁCECÄ©ß`WCI�Ù�W�J[ÄlECÒ)ß�UåL J[I�ß`WCI�EHG�IKJKÎ9À6ÁCÄ©J1ÂSIKD9EHJ
ORÁHDFO¾ORÁHI�B�I)ÄlJ�ECQ9O�DpG�Ã¦I�DFB�Ò`DFÄlE�Ä¦E�O�ÁCI�DNJ[Ç�ÂSÅZO�QFORÄ©G�D9Ã²Y@I�ÁHD|Ü�ÄlQ9WCB¾WHJ[ÄlECÒ«ß`UâL YHWZO
D�JRÂSQ�QFORÁHI�B�G=QNE�Ü9I�B�Ò9IKEHG=I�ÄlJ�Q9YZO0DFÄlECIKT�Î



2.4

2.6

2.8

3

3.2

3.4

3.6

3.8

5.3 5.4 5.5 5.6 5.7 5.8 5.9 6 6.1 6.2

"Montecarlo"
"2_Points_on_sphere_h"
"2_Points_on_sphere_s"

"From_the_walls_h"
"Maximum_circle_h"
"Tangent_plane_h"

����� ���H� � ?=(0$ (&L * ��7&E�U � 5 � #�38IA/1#�3�3%.5,	�':�5 " � � �42 $�D%(0.=&�24?�, /�, �%2�B��3D BW5�$���<C�0(0. #87 / 2�$ (0B

ÏbO)ÄlJ�ÄlÂSÅ�QNB[O0DFE`O�ORQ�B�I�Â¬D9BRÛ�O�ÁHD�O�Ó²ÄlEâI�D9G0ÁâORI�G0ÁCECÄ©ß`WCI9ÓªÚMI¬ÁHD|ÜNI�G0ÁCQ�Q`J[IKEåO�ÁCI
ß`UâL4J[I�ßNWHI�EHG�I�ORÁHDFO�ÁHDNJ�ÅCB�QZTZWHG�IKT�Y@I=ORORI�B�B�IKJRWCÃsO0J�ØÐY�I�OPÚ~IKI�EãÝ�DFÃ¦ORQ9EåDFEHT<X�QNY�QNÃ
J[I�ßNWHI�EHG�IKJ0Ù>Î

áåI~ÁHD|Ü9IgD9ÃlJRQ�J[ORWHTZÄlIKT)ORÁCIMD9JRÇ�Â�ÅCORQFO�ÄlGKDFÃNY�IKÁHD|Ü�Ä¦QNWCB²ÄlE�D�ÂSQNBRIgG�Q9ÂSÅCÃlI=ë�JRG�I�ECINÓ
G�DFÃlÃlIKT C�A�A-ÏRL .�Ó�ORÁHDFO-ÁHDNJ²D9Y�QNWZO-éNÌ8n8nin6ÅHD�O0G0ÁCIKJKÎ�Ï}E�ORÁCÄ©J-G�D9JRIgÚMIgG�Q9ÂSÅHDFB�IgU�QNE`ORI
LMDFB�Ã¦Q�B�D9EHTZQ9Â�J�DFÂSÅCÃlÄlECÒ¾Ú	Ä¦ORÁSJ[IKÜ9IKB�D9Ã`Ý�DFÃ¦ORQ9E�Ã¦Q�Ú TZÄlJ�G=B�I�Å�DFEHG�Ç�J�DFÂSÅCÃlÄlECÒHÎ�À°Q�ÒNI=O
Â�QNBRI�DNG�G=WHB�DFORI�BRI�J[WHÃsO0J�ÓHJRI�ÜNI�B0DFÃ¨I=ëZI�G=WZO�Ä¦QNEHJ6ÁHD|Ü9I�Y@I�IKE<TZQ9ECI�D9EHTVORÁCI�D|ÜNI�B0DFÒNI¾QFÆ
ORÁCI�IKBRB�Q9B0JgÁ�D9J6Y@I�I�E�G�Q9ÂSÅCWZO�IKT�Î

áåIçGKDFE³Q9Y�J[IKBRÜNIåO�ÁCI3ÃlQ9Ò9æiÃlQ9Ò Ò9B0DFÅCÁ Ø^A°ÄlÒHÎ�ËNÙ«ÄlE§Ú	ÁCÄ©G0Á§Ú~I ÁHD|ÜNI ÅCÃlQFO[O�IKT
Ã¦QNÒ�Ø¡I�ëZIKG=WCORÄlQ9E ORÄlÂSI�ÙVÜ9IKB�JRWHJ¬ÃlQ9Ò@ØÐUãX .~Ù>Î6À6ÁCIâÄ¦ÂSÅ@Q9BRO�D9ENO«Å�QNÄ¦E`O«ÄlJ'ORÁHDFO«ÄlE O�ÁCI
BRÄlÒ9Á`O�JRÄlTCIpQFÆ6ORÁHI'Ò9B0DFÅHÁªÓªO�ÁCIpI�B�B�Q9B)QNYZO�D9Ä¦ECI�TäÚ	ÄsO�Á ORÁHIpORÁHBRIKI'ß�UåL�ORIKG0ÁHECÄlß`WCI�J
ØÐG=QNBRB�IKJRÅ@Q9EHTZÄlECÒ�O�Q�ORÁCI�ÂSI=ORÁHQ�THJgDNÙ=ÓNY@Ù1DFEHT'GKÙ1JRI�IKE¬Ä¦EVàCÎ é`Ù�Ä©JgG=ÃlIKD9BRÃlÇ�ÃlQ�ÚMI�B1O�ÁHDFE
ORÁCI¬IKBRB�Q9B�Q9YZO0DFÄlECIKTåWHJRÄ¦EHÒ�U<Q9E`ORIpLMDFB�Ã¦Q�JRIKß`WCI�E�G=IKJKÎ L J�ÅHBRIKÜ`ÄlQ9W�J[ÃlÇ<G=QNÂ�ÂSIKENO�IKT
Ä¦E�ORÁHI6J�G=IKECI6ê�LMÝ L ÏPÔ¾X¨ÓFORÁCI�JRÃ¦QNÅ�I6QNYZO�D9Ä¦ECI�T�W�J[ÄlECÒ�ß�UåLäÄ©J�Q9ECÃlÇ�JRÃ¦ÄlÒ9Á`O�Ã¦Ç�J[ORIKI�Å@I�B�Ó
YCWZO¾DSJ[ÂSQ�QFO�ÁCI�B�G�Q9E�Ü9IKBRÒNI�EHG�I¾Ä©J	Q9Y�J[IKBRÜNIKT�Î

ÏbÆ�ÚMI<G=QNÂ�Å�DFB�I«QNWCBpB�IKJRWCÃ¦O�JSÚ	Ä¦ORÁ ORÁHI<Q9ECI�JSQ9YZO0DFÄlECIKT ÄlE�È Ö�IKÃlËNÌ9D�ÍbÓgÚMIkzHEHT
DåÃlIKJ�JRI�BpJRÅ�IKIKT�æbWCÅ Ä¦E QNWCB�JKÎ1ÏbO'G�D9E Y�I<TZWHI�ORQäORÁHI�ORQFO0DFÃlÃ¦Ç TZÄ¦Ñ@IKBRIKENOpE�D�ORWHBRI�QFÆ
ORÁCI«ÂSI=ORÁHQ�TçÄ¦E4È Ö�IKÃlËNÌ9D�ÍbÎ�ÏbO�Ä©JSDFÃ©J[Q<Å@QNJ�JRÄ¦YCÃlIVORÁHDFO�O�ÁCI�B�IVD9BRI«J[QNÂ�I«G=QNBRB�I�Ã©D�O�Ä¦QNE
ÅCBRQNYCÃlI�Â¬J6ÅCB�Q�TCWHG=I�T'Y�ÇpO�ÁCI�ÆÐD9G=O	ORÁHDFOKÓCÄlE«ORÁCI�Â�WCÃsO�ÄªÅHDFORÁ�ÂSI=ORÁHQ�TªÓHD�Ò9ÃlQ9YHD9Ã�Ã¦ÄlECI
ORB0DFEHJRÅ�QNB[O0J6J[IKÜ9I�B0DFÃ¨ÄlE`ORI�B�B�I fHI�G>ORÄlQ9E«Q9B0TZIKB�JKÎ
�S��� � 'U� *��(�
áåI�GKDFE�JRI�I)JRQ9ÂSI)QFÆ-ORÁHI)Q9YZO0DFÄlECIKT«ÄlÂ¬DFÒ9I�J	ÄlE<A°ÄlÒHÎSd&nCÎ�Ý�I�B�I�ÚMI)ÁHD|Ü9I�ÒNI�ECIKB�DFORIKT
ORÁCI�Ò9ÃlQ9YHD9ÃªÃ¦ÄlECI�J�Æ¡B�Q9Â�ÅHDFÄlB0J�QFÆ1Å@Q9ÄlE`O�J�Q9E�ORÁHI�JRWCB[ÆÐDNG=I)Q9Æ�ORÁCI�J[ÅCÁHI�B�I9ÎHÏbO�ÄlJ�ß`WCÄ¦ORI



2.6

2.8

3

3.2

3.4

3.6

3.8

4

2 2.2 2.4 2.6 2.8 3 3.2 3.4

"monte_carlo"
"2_points_on_the_sphere"

"2_points_on_the_walls"
"maximum_circle"

����� ���H� � ?=(0$ (/�����1E�*��&5 � #�38IA/1#�3 3%.5,2� :�5 " ��� �42 $�D%(0.=&�24?�, /�, �%2 B+��D B�5N&�2 <+( �AB@(5?�#%$��B��
#8�@&A,%2 $ (�+2 $ , ��� ��� / &�. ,��8� ,%. ?

G=ÃlIKDFB�ORÁHDFOKÓ°WHJ[ÄlECÒãORÁCI«JRD9Â�I¬E�WCÂ�Y�IKB�Q9Æ	B�D|ÇZJKÓ�ORÁCIVQ9YZO0DFÄlECIKTäÄlÂ¬DFÒNIKJ�D9BRI'Y�I�O[ORIKB
WHJ[ÄlECÒ'ß`WHDNJ[Ä¦æ}U�Q9E`ORI�LMD9BRÃlQHÎ�Ï}E�ÅHDFBRORÄ©G=WHÃlD9BKÓ�Ú~I�GKDFE�QNYHJ[IKBRÜNI�ORÁHDFO¾O�ÁCI)ECQNÄlJRI)I=Ñ¨IKG=O
ÄlJ	Â�WHG0Á«Â�QNBRI�B�IKTZW�G=IKTVÄlE�ß`WHDNJ[Ä¦æ}U�Q9E`ORI)LMDFB�ÃlQHÎ

� �åº~·¾½ �[¼���¿Pºg·��
À6ÁCI6Â�WCÃ¦ORÄZÅHDFORÁSDFÃlÒ9QNBRÄ¦ORÁCÂèÈ XZÉ~Ê¾ÉgËNÌ�ÍCÄlJ1D�U�QNE`ORI�LMDFB�Ã¦Q�ÂSI=ORÁHQ�T�ORQ�G�Q9ÂSÅCWZO�I~O�ÁCI
B�DNTZÄ¦Q`J[Ä¦ORÄlIKJgQFÆ�O�ÁCI¾ÅHDFO�G0ÁCI�J$ÄlE'D�J�G=IKECI9Î�À6ÁCÄ©J~D9Ã¦ÒNQ9B�ÄsO�ÁCÂ W�J[I�JgWCEHÄsÆ¡QNBRÂ TZIKEHJ[Ä¦ORÄlIKJ~QFÆ
Ã¦ÄlECIKJKÓFO�ÁHD�OMTZIKD9ÃCÚ	ÄsO�Á¬ORÁHI	ORB0DFEHJRÅ@Q9BRO$QFÆ¨I�ECIKBRÒNÇ�Y@I=OPÚMI�I�ESO�ÁCI�ÅHDFO�G0ÁCI�J1Q9BgÅ�QNÃ¦Ç�Ò9QNEHJ
Ä¦EãORÁCI�JRG�I�ECINÎ�Ï}EãORÁCÄ©J¾Å�DFÅ@I�B�Ú~I�ÁHD|Ü9I)B�I�Ü�ÄlI�ÚMIKT�JRQ9ÂSI�ÂSI�ORÁCQZTCJ�ORQVÅCB�Q�TCWHG=I�ORÁCÄ©J
WCECÄ¦Æ¡Q9B�Â TZI�E�J[Ä¦OPÇ3QFÆ�Ã¦ÄlECI�J�Î1áâI�ÁHD|Ü9I�DFÅHÅCÃ¦ÄlIKTçORQâO�ÁCI�Â ORÁCI�ß`WHD9JRÄ¦æbU�QNE`ORI<LMDFB�Ã¦Q
Ã¦Q�Ú§TZÄ©JRG�BRIKÅHDFE�G=Ç�JRD9Â�ÅHÃ¦ÄlECÒHÎ�áåI�ÁHD|ÜNI)J[IKI�E�O�ÁHD�O�ß`UâL Ò9ÄlÜ9IKJ�D¬ÃlQ�Ú~IKB¾I�B�B�Q9B	O�ÁHDFE
U�Q9E`ORI~LMD9BRÃlQHÓ=ORÁHDFO²ÄlJKÓ=Ä¦O²ECIKIKTCJ²Ã¦I�JRJ�ÃlÄlECIKJªORQ	Ò9I�OªORÁHIgJRD9ÂSI$D9G�G�WCB0D9G=ÇNÎ>Ï}E�Ò9IKECI�B0DFÃiÓ>ECQ
Ä¦ÂSÅ@Q9BRO�DFE`O�TZÄ¦Ñ@IKBRIKEHG=I�J6ÁHD|Ü9I�Y@I�IKEVÆ¡QNWCEHTVY�I�OPÚ~IKI�E«ORÁHI)TZÄsÑ¨I�B�I�E`O�ß�UåL J[I�ßNWHI�EHG�IKJ
ORÁHDFO�ÚMI�ÁHD|ÜNI)O�IKJ[ORIKTªÎ@áâI�ÁHD|Ü9I�D9ÃlJRQVJ[ORW�TZÄ¦I�T�O�ÁCI�DNJ[Ç�ÂSÅZO�QFORÄ©G�D9Ã°Y@I�Á�D|Ü`ÄlQ9WHBKÓ@DFEHT
G=Q9E�G=ÃlWHTZIKT�O�ÁHD�O~ORÁCI�B�DFORI�Q9ÆªG=Q9E�ÜNI�B�Ò9I�E�G=I6WHJRÄ¦ECÒ�ß`UâL ÄlJgECQFOMÂ�WHG0ÁSÆÐDNJPO�I�B$O�ÁHDFE'Ä¦E
UåL�ÓCYCWZO�ÄlE�ß�UåL®D¬JRÂSQ`Q9ORÁCIKB	G=Q9E�ÜNI�B�Ò9I�E�G=I�ÄlJ6QNYZO�D9Ä¦ECI�T�Î

	 �®½H
6·¾º�
 �{�²»�� � � �²·~¸��
U<DFE�Ç�O�ÁHDFECÛZJ-O�Q�Ï}ÒNEHD9G�Ä¦Q�U<D9B[O�� E²Ó|Ê�DFB0G�� J1L~Q9ÃlÃ^Ó9À°Q9EHÄHX�I�ÃlÃlD9B��IKJ-DFEHT�Ô	Q�I�ÃCU<D9B[O�� ECI �
Æ¡Q9BVORÁCIKÄ¦B«WHJRI=Æ¡WCÃ�ÁCIKÃ¦ÅªÓ	D9EHT ORÁ�DFECÛZJ«DFÃ©J[Q O�Q ÉgÁCÄ¦ÃlÄlÅCÅ�I DMI�Û�DFIKB[O'Æ¡Q9B«ÁCÄlJ«D9TCÜ`Ä©G=INÎ
À6ÁCI�JRG�I�ECI+C�A�A°ÏRL . ÁHDNJ6Y�IKI�E�TZIKJRÄ¦ÒNECIKT'Y�Ç M�BRIKÒ�áäDFB0T�ÎCÀ6ÁCÄ©JMÅCBRQ8oPIKG=OMÁHDNJMY�IKI�E



Æ¡WCEHTZI�T'ÄlE'ÅHD9B[O6Ú	Ä¦ORÁ�D�X�ÅHD9ECÄ©J[ÁZæ}Ý�WHECÒND9BRÄ©DFE'ÉgBRQ�ÇNIKG=ORQ)TZI�L~Q�Q9Å@I�B0D9G�Ä�QNEpG=Q9E:oPWCE`O�D
Æ¡BRQNÂ ORÁHIVX�ÅHD9ECÄlJRÁ3U�ÄlECÄ©JPO�I�B�Ä¦Q<TZI L JRWCE`ORQNJ .1ë�ORIKBRÄlQ9B�IKJ�D9EHTâÒ9B0DFE`O)E�WCÂ�Y@I�B�À6ÏRL
Ë 
�æsnNÕ 
9ÌFæPL nNé�æsnNà¾Æ¡BRQNÂ ORÁHI�X�ÅHDFEHÄlJRÁ M�Q�Ü9I�B�ECIKÂ�IKE`OKÎ

�$� �E�²¹��²·¾½~���
� �°± 6���� � x-�-k � {0] q ]�f��Nx²± q vsv q r0{�x U ,
%2�#%B�2 & � ,%$� UN(5, / 2�B=&�2�?�E=<�, 3 ( ����$&�:(0B�2 B x

tgr q f9{0n�cwr ' mP{0_}_ ' mPkKjl{0_}_}cwk�] q v � � 686��9x
� � {0v 687 q � t�x � {0vwvw{�m>x ��� { .`q _baª� q vwr0e`v q aPcwkK]�k�j . k�mPn .�q r�aPk�mP_¨yM_}cw]N� � k>¢
	6cw_}r�mP{0u q ]Nr���F{>��e`{0]Nr0{0_0x � .5# ??5 # 7 � * *@��������=%< (0.02�?0( � � 686579x
� � {0v 687K �� t�x � {0vwvw{�m>x��Me q _}c �i� k�]�aP{�� q mPvwk $ q fNcwk�_}cda^��x � . # ?0(�(�%2 $ 3%B+# 7 � ��.5#�3%. ,2�':�24?@B

� #%.�9�B :'#2� #�$�U�(0$�!(0.02 $ 3 � u q ��{�_ �0� &��`���K� � � 65657Fx
� � {0v 6 � � t�x � {0vwvw{�m>x \i]N_ba q ]�a $ q fNcwk�_}cda^��x *-#%< ����&)(0."� . ,2�':�24?@B � .5# ?=(�(�%2 $�3%B�� �2 38I

3%. ,2�':�� ��� � u q �K{0_ 0 6 ��� 7 � � 656 � x
� ! {0e 6 � � � x ! {0eNn q ]`]Hx � k�]�aP{p� q mPvwk $ q f9cwk�_}cdai��x *-#%< ����&�2 $ 3������ � u q ��{0_ & � � 0�& �� 656 � x
� ! cs{ 6 & � ( x ! cs{0fN{�m}mP{0cdaP{�m>x $ q ]�f9k�n ! eNn� Z{�m$�M{0]`{�m q aPcwk�] q ]`f��Me q _}c �b� kK]�aP{�� q mPvwk

� {Ra � kFfN_ � ]`_bj � r� `n�_0x � 656 & x
� !�!*+ 6 � � � x ! {0eNn q ]N] � t�x ! {0eNn q ]N] �Zq ]�f ' x + {0¯ q {�m}a>x $ q f9cskK_}cdai�¬¢$cda � ±«{0vwv�	6cw_ �a}mPcw NeNaP{>f*$ q ���9{RaP_0x � .5# ?=(�(��2 $�3%B�#87��@��. #�3%.5,2�': 24?@B���� � u q �K{0_ & 7 � � & 786 � � 656 � x
� ' mP{,6 0 � ± x ( x ' mP{0_}_0x ! e`n�{�mPcwr q v3$g{0r0cwuZ{0_�cw]3�~x *-,%< �@.=2B 3 ( � $'2 D%(0.=B=2�& � � .5(0B=B �� 656 0 x
� $ge` "! � � $g{0eNz|{0]$#�x5$ge` Ncw]`_baP{0cw]�x��9cwn�e`v q aPcwk�] q ]�f¾a � { � kK]FaP{~� q mPvsk � {�a � kFfHx � 6�! � x
� � q ] � 7�� � xZ� q ]�a q v��k9x°\^]�aP{0�Km q v¨�M{0kKn�{�a}m}� q ]`fS�M{0kKn�{�a}mPcwr ' mPkK  q  Ncwvscda^��x � 6 � 79x
� �F Z{,6��%� � x��F Z{�m}a>x~t~]S\^]�aP{0�Km q v²�M{0k�n�{�a}m}� +�q _}{0f � {Ra � kFfSj©k�m .�q _ba . kKmPn � .�q r�aPkKm�-kKn�u`e9a q aPcwk�]Hx *-#%<�����&)(0.�� .5,2� :�24?@B � #%.	��< � � . # ??5-� ��.5#�3%.5,	�':�24?@B&� �8K�� � �,& �

! x �&' 0|� 6 ��0 &K� � � 656��9x
� �F Z{,6 � q � � xª�9 Z{�m}a>x " m}mPk�m q ]`f��-k�n�uNvw{�9cwa^�«k�j3$ q ]�fNkKnÞ± q vs¯ � k�]�aP{�� q mPvwk $ q=�f9cwk�_}cdai��x E ����� S.5,�$B0,!?@&�24#%$'B #%$)( 2 B��,%/ 2+* ,%&�24#%$6,%$��*-#�< ����&)(0.�� .5,2�': 24?@B��

K=��G	� � � 686 � x
� �F Z{,6 �  �� � x��F Z{�m}a>x ��� {°yM_}{°kKjC�MvwkK  q v $ q ]�f9k�n)	6cdmP{0r�aPcwk�]N_¨aPk6�-kKn�u`e9aP{ $ q fNcwkK_}cwa^��x�MvwkK  q v � k�]�aP{6� q mPvwk � {�a � kFfN_0x �;:�5 �O5 &�:(0B�2 B�5 � $'2 D%(0.=B=2�&A,%& ��# / 2 &�,(�?@$'24?�,  (

*-,�&A, / ��$�� ,��-�N,%.5?=(@/1#%$ , � � 686 � x
� � � .%! �)6 � � � xF�&.0cdmPn q � � � q vwk�_ � � x . kKmPcw_ �9� x ! {0e`n q ]`] �|q ]�f + x9�-_}{0 9j q vszFc x�tg])t~] q vd� �_}cw_$kKj��Me q _}c �i� kK]FaP{	� q mPvwk�\i]�aP{0��m q aPcwk�]�t~uNu`vwcw{>f�aPk�a � { � m q ]N_}cwvsvweNn�cs] q aPcwk�]$ q f9cwk�_}cdai� � {�a � kFfCx � . # ?0(�(�%2 $ 3%B # 7��@��.5#�3%. ,2�':�2�?@B/��� � � 656 � x
� �Fk�v � !%� ( xZ�Fk�vwk�n�kK]�x°�M{0kKn�{�a}mPcwr ' mPkK  q  `cwvwcwa^� � _}c qKq n � r0 `n�_ & !9x � 6 � !Fx
� � ' ! ' 687�� � xC�9 Z{�m}a � 2¾x ' e`{��|k �C� x ! {0eNn q ]N] �`q ]�f�± ' eNmP� q a � k�j©{�m>x	�Mvwk�  q v � e`vdaPc �' q a � � kK]FaP{'� q mPvwk�t~vw��k�mPcda � n�_�j©k�m $ q fNcwk�_}cdai��x S :(0( 2 B��', /9*-#%<�����&)(0. �u q �K{0_ 0|��� 7 � � � 656879x
� � '�' 6 � � � x��9 Z{Rm}a � . x ' �{�mP{1. �Nq ]�f 2¾x ' eN{���kNxª�MvskK  q v � kK]FaP{	� q mPvwkNx�t ' mPk���mP{0_}_}cwz|{�Fk�vweNaPcwkK]�x U�(0$�!(0.02 $ 3"S (�?=: $232��(0B
� ���65 �8�.02 $ 3 (0. � 2A(0$ � (2;54 #%.�9 � u q �K{0_& � �6� & �86 � � 656 � x



¤ q ¥ ¤  Z¥

¤ r=¥ ¤¡f�¥
����� �  ����@�),�� "�#%$'&)(+*-,%.0/1# .5,%$�!#%< B0,%< � / 2�$�365 � ��<C�0(0. #87 / 2�$ (0B�� J&�	
�
�
 ����� �9, / &A#%$
/1#>;"%2 B0?@.�(�� ,�$ ?�� B@,�< � / 2 $ 365 � ��< �=(0.N# 7�/ 2 $ (0B�� J&��
�
�
 �8?��G" #%$&)( *-,�.@/1#9.5,%$�!#%< B0,%<CI
� / 2 $�365-� ��< �=(0. # 7 / 2�$ (0B�� ��K8J 
�
�
 �:2���9, / &A#%$ /1#�; %2 B0?@.�(�� ,�$ ?�� B0,%<�� / 2 $ 365%� � <C�=(0.�# 7
/ 2�$ (0B�� �8K8J�
�
�



